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Structure of the talk

• First I'm going to do a brief introduction to quantum error correction


•  What it is and how it works


• Then three differences between quantum and classical error correction


• Then quantum LDPCs


• Why they are so popular right now


•  Finally, mention recent advances in logical operations



Quantum error correction  

• Quantum error correction is very similar to 
classical error correction


• We start with a logical state  of  qubits 


• And encode  those  in a larger physical state 
with  


• The code is then defined by three terms [ ]


•  is the code distance 

|ψ⟩L k

k
n > k

n, k, d

d

|ψ⟩L = a |0⟩L + b |1⟩L

a, b ∈ C, |a |2 + |b |2 = 1



Quantum error correction  

• But there are three big differences between quantum and classical error 
correction


• Quantum errors are different from classical errors


• Quantum states can’t be measured directly without collapsing the state


• Encoded states are used for computation not for communication 



Quantum error correction  

• There are two types of quantum error 


• Bit-flip X errors


• , 


• Phase-flip Z errors


•  , 


• Quantum codes need to detect both

|0⟩ → |1⟩ |1⟩ → |0⟩

|0⟩ → |1⟩ |1⟩ → − |1⟩

1st difference with the classical error correction
|ψ⟩L = a |0⟩L + b |1⟩L

a, b ∈ C, |a |2 + |b |2 = 1
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Quantum error correction  

• We can’t measure the state directly without 
destroying it 


• But we can use the stabilizer formalism to find 
errors


• Since  and  anti-commute ,


• and we can actually use a circuit to detect this 
phase


•  stabilizer can be used to capture  errors


• And  stabilizer to capture  errors 

X Z XZ = − ZX

2nd difference with the classical error correction
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Quantum error correction  
2nd difference with the classical error correction
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Quantum error correction  
2nd difference with the classical error correction

• Let me give an example 


• 1  error in qubit 4 doesn’t commute with  and 
will be detected


• 2 X errors (in qubits 4 and 6) will commute with   
and not be detected 


• Important  and  stabilizers must always commute 


• In this case  they do since they share two qubits

Z3 := Zp
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Quantum error correction  
2nd difference with the classical error correction

• Important  and  stabilizers must always 
commute 


•

X Z

HxHT
z = 0

HZ =

1 1 0 1 0 0 0 0 0 0 0 0 0
0 1 1 0 1 0 0 0 0 0 0 0 0
0 0 0 1 0 1 1 0 1 0 0 0 0
0 0 0 0 1 0 1 1 0 1 0 0 0
0 0 0 0 0 0 0 0 1 0 1 1 0
0 0 0 0 0 0 0 0 0 1 0 1 1

HZ =

1 0 0 1 0 1 0 0 0 0 0 0 0
0 1 0 1 1 0 1 0 0 0 0 0 0
0 0 1 0 1 0 0 1 0 0 0 0 0
0 0 0 0 0 1 0 0 1 0 1 0 0
0 0 0 0 0 0 1 0 1 1 0 1 0
0 0 0 0 0 0 0 1 0 1 0 0 1
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Quantum error correction  
2nd difference with the classical error correction

• OK, we have a way to find errors, how do we 
measure the logical information?


• There are two logical measurements for a single 
qubit


• Once again both of these need to commute with 
the stabilizers



Quantum LDPCs and good codes

• A “good” code in information theory is part of a code construction, such that 


•  For any distance , there is a code in the family with a finite rate 


• Classical LDPCs (from low-density parity check) can be “good” codes


• Question: Given the commutation constraint, , are there good 
quantum LDPC codes? 

d k/n

HxHT
z = 0



Quantum LDPCs and good codes

• Question: Given the commutation constraint, 
, are there good quantum LDPC codes? HxHT

z = 0



Quantum LDPCs and good codes

• Question: Are there “good” quantum LDPC codes?


• Yes, proven in 2022
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Abstract

We study classical and quantum LDPC codes of constant rate obtained by the lifted product
construction over non-abelian groups. We show that the obtained families of quantum LDPC
codes are asymptotically good, which proves the qLDPC conjecture. Moreover, we show that the
produced classical LDPC codes are also asymptotically good and locally testable with constant
query and soundness parameters, which proves a well-known conjecture in the field of locally
testable codes.

Introduction

Classical low-density parity-check (LDPC) codes [1], as well as their quantum counterparts [2],
have many important applications in theory and practice. These codes are represented by sparse
parity-check matrices, where the term sparse usually means that the corresponding Tanner graphs
are of bounded degree. Besides numerous applications in data storage and transmission systems,
such codes are often used to construct classical and quantum locally testable codes [3–5], where
the sparseness of a code ensures the constant-query property, also known as the constant locality.
Informally speaking, a classical locally testable code (LTC) is a code that comes with an efficient
non-deterministic procedure that allows to test with high probability whether a given sequence is
close to some codeword by looking at a very small, usually constant, number of randomly chosen
bits from this sequence. There are several ways how one can formally define LTCs [6]. In this paper,
we adopt a very simple combinatorial definition (see [7, Definition 11]) that implies a rather strong
form of local testability. According to this definition, a linear code C → Fn

q is called (ω, s)-locally
testable if it has a parity-check matrix H ∈ Fm→n

q with rows of weight at most ω such that for any
vector x ∈ Fn

q we have
1

m
|Hx| ! s

n
d(x, C),

where d(x, C) := minc↑C d(x, c), and we denote by d(·, ·) and | · | the Hamming distance and the
Hamming weigh. The parameters ω and s are positive real numbers called the locality and sound-
ness, respectively. As we already mentioned above, this definition implies a strong form of local
testability. Indeed, if our test procedure picks uniformly at random a row from H and finds the

∗Pavel Panteleev and Gleb Kalachev are with the Faculty of Mechanics and Mathematics, Moscow State University,
Moscow, Russia.
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Quantum LDPCs and practical good codes

• IBM's BB codes were published around one year later
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High-threshold and low-overhead 
fault-tolerant quantum memory

Sergey Bravyi1, Andrew W. Cross1, Jay M. Gambetta1, Dmitri Maslov1 ✉, Patrick Rall2 & 
Theodore J. Yoder1

The accumulation of physical errors1–3 prevents the execution of large-scale 
algorithms in current quantum computers. Quantum error correction4 promises  
a solution by encoding k logical qubits onto a larger number n of physical qubits,  
such that the physical errors are suppressed enough to allow running a desired 
computation with tolerable !delity. Quantum error correction becomes practically 
realizable once the physical error rate is below a threshold value that depends on the 
choice of quantum code, syndrome measurement circuit and decoding algorithm5. 
We present an end-to-end quantum error correction protocol that implements 
fault-tolerant memory on the basis of a family of low-density parity-check codes6.  
Our approach achieves an error threshold of 0.7% for the standard circuit-based noise 
model, on par with the surface code7–10 that for 20 years was the leading code in terms 
of error threshold. The syndrome measurement cycle for a length-n code in our family 
requires n ancillary qubits and a depth-8 circuit with CNOT gates, qubit initializations 
and measurements. The required qubit connectivity is a degree-6 graph composed  
of two edge-disjoint planar subgraphs. In particular, we show that 12 logical qubits  
can be preserved for nearly 1 million syndrome cycles using 288 physical qubits in 
total, assuming the physical error rate of 0.1%, whereas the surface code would  
require nearly 3,000 physical qubits to achieve said performance. Our !ndings bring 
demonstrations of a low-overhead fault-tolerant quantum memory within the reach 
of near-term quantum processors.

Quantum computing attracted attention due to its ability to offer 
asymptotically faster solutions to a set of computational problems 
compared to the best known classical algorithms5. It is believed that 
a functioning scalable quantum computer may help solve computa-
tional problems in such areas as scientific discovery, materials research, 
chemistry and drug design, to name a few11–14.

The main obstacle to building a quantum computer is the fragility of 
quantum information, owing to various sources of noise affecting it. As 
isolating a quantum computer from external effects and controlling it 
to induce a desired computation are in conflict with each other, noise 
appears to be inevitable. The sources of noise include imperfections 
in qubits, materials used, controlling apparatus, state preparation and 
measurement errors and a variety of external factors ranging from local 
man-made, such as stray electromagnetic fields, to those inherent to the 
Universe, such as cosmic rays. See ref. 15 for a summary. Whereas some 
sources of noise can be eliminated with better control16, materials17 and 
shielding18–20, several other sources appear to be difficult if at all pos-
sible to remove. The last kind can include spontaneous and stimulated 
emission in trapped ions1,2, and the interaction with the bath (Purcell 
effect)3 in superconducting circuits—covering both leading quantum 
technologies. Thus, error correction becomes a key requirement for 
building a functioning scalable quantum computer.

The possibility of quantum fault tolerance is well-established4. 
Encoding a logical qubit redundantly into many physical qubits 

enables one to diagnose and correct errors by repeatedly measuring 
syndromes of parity-check operators. However, error correction is 
only beneficial if the hardware error rate is below a certain threshold 
value that depends on a particular error correction protocol. The 
first proposals for quantum error correction, such as concatenated 
codes21–23, focused on demonstrating the theoretical possibility of 
error suppression. As understanding of quantum error correction and 
the capabilities of quantum technologies matured, the focus shifted to 
finding practical quantum error correction protocols. This resulted in 
the development of the surface code7–10 that offers a high error thresh-
old close to 1%, fast decoding algorithms and compatibility with the 
existing quantum processors relying on two-dimensional (2D) square 
lattice qubit connectivity. Small examples of the surface code with a 
single logical qubit have already been demonstrated experimentally 
by several groups24–28. However, scaling up the surface code to 100 or 
more logical qubits would be prohibitively expensive due to its poor 
encoding efficiency. This spurred interest in more general quantum 
codes known as low-density parity-check (LDPC) codes6. Recent pro-
gress in the study of LDPC codes suggests that they can achieve quan-
tum fault tolerance with a much higher encoding efficiency29. Here, 
we focus on the study of LDPC codes, as our goal is to find quantum 
error correction codes and protocols that are both efficient and pos-
sible to demonstrate in practice, given the limitations of quantum 
computing technologies.

https://doi.org/10.1038/s41586-024-07107-7

Received: 25 August 2023

Accepted: 23 January 2024

Published online: 27 March 2024

Open access

 Check for updates

1IBM Quantum, IBM T.J. Watson Research Center, Yorktown Heights, NY, USA. 2IBM Quantum, MIT-IBM Watson AI Laboratory, Cambridge, MA, USA. ✉e-mail: dmitri.maslov@ibm.com

Nature | Vol 627 | 28 March 2024 | 779

A quantum error correcting code is of LDPC type if each check opera-
tor of the code acts only on a few qubits and each qubit participates 
in only a few checks. Several variants of the LDPC codes have been 
proposed recently including hyperbolic surface codes30–32, hypergraph 
product33, balanced product codes34, two-block codes based on finite 
groups35–38 and quantum Tanner codes39,40. The latter were shown39,40 
to be asymptotically ‘good’ in the sense of offering a constant encod-
ing rate and linear distance: a parameter quantifying the number of 
correctable errors. By contrast, the surface code has an asymptoti-
cally zero encoding rate and only square-root distance. Replacing 
the surface code with a high-rate, high-distance LDPC code could 
have major practical implications. First, the fault-tolerance overhead 
(the ratio between the number of physical and logical qubits) could 
be reduced notably. Second, high-distance codes show a very sharp 
decrease in the logical error rate: as the physical error probability 
crosses the threshold value, the amount of error suppression achieved 
by the code can increase by orders of magnitude even with a small 
reduction of the physical error rate. This feature makes high-distance 
LDPC codes attractive for near-term demonstrations that are likely 
to operate in the near-threshold regime. However, it was previously 
believed that outperforming the surface code for realistic noise mod-
els including memory, gate and state preparation and measurement 
errors may require very large LDPC codes with more than 10,000  
physical qubits31.

Here we present several concrete examples of high-rate LDPC codes 
with a few hundred physical qubits equipped with a low-depth syn-
drome measurement circuit, an efficient decoding algorithm and a 
fault-tolerant protocol for addressing individual logical qubits. These 
codes show an error threshold close to 0.7%, show excellent perfor-
mance in the near-threshold regime and offer a 10 times reduction of 
the encoding overhead compared with the surface code. Hardware 
requirements for realizing our error correction protocols are rela-
tively mild, as each physical qubit is coupled by two-qubit gates with 
only six other qubits. Although the qubit connectivity graph is not 
locally embeddable into a 2D grid, it can be decomposed into two planar 

degree-3 subgraphs. As we argue below, such qubit connectivity is well 
suited for architectures based on superconducting qubits.

Our codes are a generalization of bicycle codes proposed by MacKay  
et al.41 and studied in more depth in refs. 35,36,42. We named our 
codes bivariate bicycle (BB) because they are based on bivariate poly-
nomials, as detailed in the Methods. These are stabilizer codes of the 
Calderbank–Shor–Steane (CSS) type43,44 that can be described by a 
collection of six-qubit check (stabilizer) operators composed of Pauli 
X and Z. At a high level, a BB code is similar to the two-dimensional toric 
code7. In particular, physical qubits of a BB code can be laid out on a 
two-dimensional grid with periodic boundary conditions such that all 
check operators are obtained from a single pair of X and Z checks by 
applying horizontal and vertical shifts of the grid. However, in contrast 
to the plaquette and vertex stabilizers describing the toric code, check 
operators of BB codes are not geometrically local. Furthermore, each 
check acts on six qubits rather than four qubits. We will describe the 
code by a Tanner graph G such that each vertex of G represents either 
a data qubit or a check operator. A check vertex i and a data vertex j are 
connected by an edge if the ith check operator acts non-trivially on 
the jth data qubit (by applying Pauli X or Z). See Fig. 1a,b for example 
Tanner graphs of surface and BB codes, respectively. The Tanner graph 
of any BB code has vertex degree six and graph thickness29 equal to 
two, which means it can be decomposed into two edge-disjoint planar 
subgraphs (Methods). Thickness-2 qubit connectivity is well suited 
for superconducting qubits coupled by microwave resonators. For 
example, two planar layers of couplers and their control lines can be 
attached to the top and the bottom side of the chip hosting qubits, 
and the two sides mated.

A BB code with parameters [[n, k, d]] encodes k logical qubits into n 
data qubits offering a code distance d, meaning that any logical error 
spans at least d data qubits. We divide n data qubits into registers q(L) 
and q(R) of size n/2 each. Any check acts on three qubits from q(L) and 
three qubits from q(R). The code relies on n ancillary check qubits 
to measure the error syndrome. We divide n check qubits into regis-
ters q(X) and q(Z) of size n/2 that collect syndromes of X and Z types, 
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Fig. 1 | Tanner graphs of surface and BB codes. a, Tanner graph of a surface 
code, for comparison. b, Tanner graph of a BB code with parameters [[144, 12, 12]] 
embedded into a torus. Any edge of the Tanner graph connects a data and a 
check vertex. Data qubits associated with the registers q(L) and q(R) are shown 
by blue and orange circles. Each vertex has six incident edges including four 
short-range edges (pointing north, south, east and west) and two long-range 
edges. We only show a few long-range edges to avoid clutter. Dashed and solid 

edges indicate two planar subgraphs spanning the Tanner graph, see the 
Methods. c, Sketch of a Tanner graph extension for measuring Z  and X  
following ref. 50, attaching to a surface code. The ancilla corresponding to the 
X  measurement can be connected to a surface code, enabling load-store 
operations for all logical qubits by means of quantum teleportation and some 
logical unitaries. This extended Tanner graph also has an implementation in a 
thickness-2 architecture through the A and B edges (Methods).
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operators of BB codes are not geometrically local. Furthermore, each 
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code by a Tanner graph G such that each vertex of G represents either 
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connected by an edge if the ith check operator acts non-trivially on 
the jth data qubit (by applying Pauli X or Z). See Fig. 1a,b for example 
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of any BB code has vertex degree six and graph thickness29 equal to 
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example, two planar layers of couplers and their control lines can be 
attached to the top and the bottom side of the chip hosting qubits, 
and the two sides mated.

A BB code with parameters [[n, k, d]] encodes k logical qubits into n 
data qubits offering a code distance d, meaning that any logical error 
spans at least d data qubits. We divide n data qubits into registers q(L) 
and q(R) of size n/2 each. Any check acts on three qubits from q(L) and 
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respectively. In total, the encoding relies on 2n physical qubits. The net 
encoding rate is therefore r = k/(2n). For example, the standard surface 
code architecture encodes k = 1 logical qubit into n = d2 data qubits for 
a distance-d code and uses n − 1 check qubits for syndrome measure-
ments. The net encoding rate is r ≈ 1/(2d2), which quickly becomes 
impractical as one is forced to choose a large code distance, due to, 
for instance, the physical errors being close to the threshold value. 
By contrast, BB codes have encoding rate r ≫ 1/d2, see Table 1 for code 
examples. To the best of our knowledge, all codes shown in Table 1 are 
new. The distance-12 code [[144, 12, 12]] may be the most promising for 
near-term demonstrations, as it combines large distance and high net 
encoding rate r = 1/24. For comparison, the distance-11 surface code has 
a net encoding rate r = 1/241. Below, we show that the distance-12 BB 
code outperforms the distance-11 surface code for the experimentally 
relevant range of error rates.

To prevent the accumulation of errors one must be able to measure 
the error syndrome frequently enough. This is accomplished by a syn-
drome measurement circuit that couples data qubits in the support of 
each check operator with the respective ancillary qubit by a sequence 
of%CNOT gates. Check qubits are then measured revealing the value 

of the error syndrome. The time it takes to implement the syndrome 
measurement circuit is proportional to its depth: the number of gate 
layers composed of non-overlapping%CNOTs. As new errors continue to 
occur while the syndrome measurement circuit is executed, its depth 
should be minimized. The full cycle of syndrome measurement for a 
BB code is illustrated on Fig.%2. The syndrome cycle requires only seven 
layers of%CNOTs regardless of the code length. The check qubits are ini-
tialized and measured at the beginning and at the end of the syndrome 
cycle respectively (see the Methods for details). The circuit respects 
the cyclic shift symmetry of the underlying code.

The full error correction protocol performs Nc ≫ 1 syndrome meas-
urement cycles and then calls a decoder: a classical algorithm that 
takes as input the measured syndromes and outputs a guess of the final 
error on the data qubits. Error correction succeeds if the guessed and 
the actual error coincide modulo a product of check operators. In this 
case, the two errors have the same action on any encoded (logical) state. 
Thus, applying the inverse of the guessed error returns data qubits to 
the initial logical sate. Otherwise, if the guessed and the actual error 
differ by a non-trivial logical operator, error correction fails resulting 
in a logical error. Our numerical experiments are based on the belief 
propagation with an ordered statistics decoder (BP-OSD) proposed by 
Panteleev and Kalachev36. The original work36 described BP-OSD in the 
context of a toy noise model with memory errors only. Here we show 
how to extend BP-OSD to the circuit-based noise model, see the%Sup-
plementary Information for details. Our approach closely follows  
refs. 45–48.

A noisy version of the syndrome measurement circuit may include 
several types of faulty operations such as memory errors on idle data 
or check qubits, faulty%CNOT gates, qubit initializations and measure-
ments. We consider the circuit-based noise model10 in which each 
operation fails independently with probability p. The probability of a 
logical error pL depends on the error rate p, details of the syndrome 
measurement circuits, and the decoding algorithm. Let PL(Nc) be the 
logical error probability after performing Nc syndrome cycles. Define 
the logical error rate as p P N P N N= 1 − (1 − ( )) ≈ ( )/N

L L c
1/

L c c
c . Informally, pL 

can be viewed as the logical error probability per syndrome cycle.  
Following common practice, we choose Nc = d for a distance-d code. 
Figure%3 shows the logical error rate achieved by codes from Table%1. 
The logical error rate was computed numerically for p ≥ 10−3 and 
extrapolated to lower error rates using a fitting formula (Methods).  

Table 1 | Performance of BB codes

[[n, k, d]] Net 
encoding 
rate, r

Circuit-level 
distance, 
dcirc

Pseudo- 
threshold, 
p0

pL (10−3) pL (10−4)

[[72, 12, 6]] 1/12 ≤6  0.0048 7 × 10−5  7 × 10−8

[[90, 8, 10]] 1/23 ≤8  0.0053 5 × 10−6  4 × 10−10

[[108, 8, 10]] 1/27 ≤8  0.0058 3 × 10−6  1 × 10−10

[[144, 12, 12]] 1/24 ≤10  0.0065 2 × 10−7 8 × 10−13

[[288, 12, 18]] 1/48 ≤18  0.0069 2 × 10−12 1 × 10−22

Small examples of BB LDPC codes and their performance for the circuit-based noise model. 
All codes have weight-6 checks, depth-7 syndrome measurement circuit, and the Tanner 
graph composed of two planar subgraphs. A code with parameters [[n, k, d]] requires 2n 
physical qubits in total and achieves the net encoding rate r = k/2n (we round r down to 
the nearest inverse integer). Circuit-level distance dcirc is the minimum number of faulty 
operations in the syndrome measurement circuit required to generate a logical error without 
triggering any syndromes.
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Fig. 2 | Syndrome measurement circuit. Full cycle of syndrome measurements 
relying on seven layers of%CNOTs. We provide a local view of the circuit that only 
includes one data qubit from each register q(L) and q(R). The circuit is symmetric 

under horizontal and vertical shifts of the Tanner graph. Each data qubit is 
coupled by CNOTs with three X-check and three Z-check qubits: see the Methods 
for more details.



Quantum LDPCs and practical good codes

• But another question remained until very recently


• Can we use these codes for computation?


• Doing quantum logical operations on encoded quantum states is not trivial


• Operation adds errors that need to be corrected


• Whatever we do to a logical state needs to preserve the superposition


•  And we need to be able to do an universal set of gate

3nd difference with the classical error correction



Universal set of quantum  gates

• Example Clifford gates T-gates

Single qubit gates

Two qubit gates 

H =
1

2 (1 1
1 −1)

S = (1 0
0 eiπ/2)

CNOT =

1 0 0 0
0 1 0 0
0 0 0 1
0 0 1 0

T = (1 0
0 eiπ/4)



Solution 1 - Transversal gates

• A  gate  is transversal if it factorizes as a 
tensor product of simple qubit gates


• No quantum error-correcting code can 
have a transversal gate set that is both 
universal and fault-tolerant for a fixed 
code space1

1 B. Eastin and E. Knill, "Restrictions on Transversal Encoded Quantum Gate Sets," Phys. Rev. Lett. 102, 110502 (2009).

Logical C-not



Solution 2 - Lattice surgery (for surface codes) 

MZZ → { |00⟩⟨00 | + |11⟩⟨11 |  for a1 = 0
|01⟩⟨01 | + |10⟩⟨10 |  for a1 = 1

MXX → { | + + ⟩⟨ + + | + | − − ⟩⟨ − − | for a2 = 0
| − + ⟩⟨ − + | + | + − ⟩⟨ + − | for a2 = 1

a1

a2



Solution 2 - Lattice surgery (for surface codes) 



Solution 3 - T-gate injection 

|T⟩ =
1

2
( |0⟩ + eπ/4 |1⟩)



Solution 3 - T-gate distillation  



Limitations

• This procedure only works for surface codes


• The rate is extremely low


• Can we do this with qLDPCs?


• Quantum LDPCs have more than 1 logical qubit, which could save a lot of 
overhead


• Ideally we would want to do it all in one cell



Quantum operations using quantum LDPC codes
• Question: Can we do generalized lattice surgery and T-gate distillation using   

qLDPC codes?


• Yes for IBM codes


• Yes in general but the construction is bit  
complicated
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Tour de gross: A modular quantum computer based on bivariate
bicycle codes

Theodore J. Yoder1, Eddie Schoute1, Patrick Rall1, Emily Pritchett1, Jay M. Gambetta1,
Andrew W. Cross1, Malcolm Carroll1, and Michael E. Beverland∗1

1IBM Quantum

Abstract

We present the bicycle architecture, a modular quantum computing framework based on high-
rate, low-overhead quantum LDPC codes identified in prior work. For two specific bivariate bicycle
codes with distances 12 and 18, we construct explicit fault-tolerant logical instruction sets and es-
timate the logical error rate of each instruction under circuit noise. We develop a compilation
strategy adapted to the constraints of the bicycle architecture, enabling large-scale universal quan-
tum circuit execution. Integrating these components, we perform end-to-end resource estimates
demonstrating that an order of magnitude larger logical circuits can be implemented with a given
number of physical qubits on a bicycle architecture than on surface code architectures. We antici-
pate further improvements through advances in code constructions, circuit designs, and compilation
techniques.

∗Authors in reverse alphabetical order.

1

2025

Extractors: QLDPC Architectures for E!cient Pauli-Based Computation

Zhiyang He (Sunny)1,†, Alexander Cowtan2, Dominic J. Williamson3, and Theodore J. Yoder4

(Dated: October 28, 2025)

In pursuit of large-scale fault-tolerant quantum computation, quantum low-density parity-check
(LDPC) codes have been established as promising candidates for low-overhead memory when com-
pared to conventional approaches based on surface codes. Performing fault-tolerant logical compu-
tation on QLDPC memory, however, has been a long standing challenge in theory and in practice.
In this work, we propose a new primitive, which we call an extractor system, that can augment any
QLDPC memory into a computational block well-suited for Pauli-based computation. In particu-
lar, any logical Pauli operator supported on the memory can be fault-tolerantly measured in one
logical cycle, consisting of O(d) physical syndrome measurement cycles, without rearranging qubit
connectivity. We further propose a fixed-connectivity, LDPC architecture built by connecting many
extractor-augmented computational (EAC) blocks with bridge systems. When combined with any
user-defined source of high fidelity |T → states, our architecture can implement universal quantum cir-
cuits via parallel logical measurements, such that all single-block Cli!ord gates are compiled away.
The size of an extractor on an n qubit code is Õ(n), where the precise overhead has immense room
for practical optimizations.

Quantum error correction [1–3] has been established as a fundamental building block of large-scale,
fault-tolerant quantum computation. For more than two decades, the surface code [4–6] has been the leading
candidate for practical implementation, due to its plethora of desirable properties. Notably, the surface
code can be implemented on a two-dimensional lattice of physical qubits with nearest-neighbor connectivity,
and achieves the best asymptotic parameters under such connectivity constraints [7]. Following years of
extensive research, the surface code now has fast and accurate decoders [8–11], practical schemes for logical
computation [12–16], architectural proposals [17–20], detailed cost analysis [21], and recent milestone
demonstrations of subthreshold scaling [22, 23]. We refer readers to Ref. [24] for more references and
expositions.

A critical limitation of the surface code, nonetheless, is its low encoding rate which incurs a significant
space overhead in practical and theoretical fault-tolerance. This limitation motivated the study of more
space-e”cient codes, notably quantum low-density parity-check (LDPC) codes. QLDPC codes relax the
constraint on qubit connectivity from 2D nearest-neighbor to arbitrary constant-degree connections, and as
a consequence they can have up to constant encoding rate and relative distance [25–35]. Alongside the
theoretical developments in asymptotic code constructions, recent works have proposed QLDPC codes with
competitive practical parameters [29, 36–40] and memory performances [36, 37]. In parallel, there have
been significant advancements in the design of hardware platforms with flexible qubit connectivity [41–45],
and long-range connections for hardware with fixed connectivity [46–48]. In light of this progress, QLDPC
memories have emerged as promising alternatives to surface code memories.

Performing logical computation on QLDPC memory, however, has been a long standing challenge in
theory and in practice. On a high level, the di”culty arises from the fact that a QLDPC code encodes many
logical qubits in the same block, making it generally hard to address individual logical qubits. As a result,
existing schemes for computation on QLDPC codes often have one or more of the following limitations: they
are only applicable to specific codes, have limited action on the logical space, or incur heavy overheads. We
sample the literature to illustrate this barrier. Prior works have identified constant-depth gates on di!erent
families of QLDPC codes [49–58], which perform various subsets of logical operations. Recent work [40]
† Email: szhe@mit.edu.
1 Department of Mathematics, Massachusetts Institute of Technology, Cambridge, MA 02139, USA
2 Department of Computer Science, University of Oxford, Wolfson Building, Parks Road, Oxford OX1 3QD, UK
3 IBM Quantum, IBM Almaden Research Center, San Jose, CA 95120, USA
4 IBM Quantum, IBM T.J. Watson Research Center, Yorktown Heights, NY 10598, USA
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Quantum operations using quantum LDPC codes
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Fig. 2: One module in the bicycle architecture, consisting of
a Bivariate Bicycle (BB) code and a Logic Processing Unit
(LPU). BB codes can be presented [16] as a lattice of physical
qubits on a torus, consisting of X and Z check qubits and L
and R data qubits. Connections between qubits are within the
lattice and also along certain long-range connections. The LPU,
which consists of two modules, is connected to the X and Z
operators of the pivot qubit L0 and its dual L6. The LPU is
capable of measuring any product of operators XL0 , ZL0 , XL6 ,
and ZL6 . See Section II-C for more details.

allows for efficient decoding algorithms and locality in physical
implementation. Recent advances in constructing high-rate
codes [16], [35]–[37], implementing logical operations [26],
[32], [38], [39], and building hardware with long-range connec-
tions [40]–[43] have established QLDPC codes as promising
candidates for near-term quantum memories and FTQC.

B. Bivariate Bicycle Codes

The Bivariate Bicycle (BB) codes are a family of recently
proposed QLDPC codes [16], with the “gross” [[144,12,12]]
and “two-gross” [[288,12,18]] codes being particularly attrac-
tive due to their high encoding rate and promising hardware
realizability. Schemes for implementing logical operations vary
significantly across different code families, so we focus our
attention on BB codes for this work.

We give a brief mathematical definition of BB codes.
Consider an abelian group M = {xiyj | i → [0, ω ↑
1], j → [0,m ↑ 1]}, where indices are taken modulo ω and
m. This group admits a representation in terms of permutation
matrices Fωm→ωm

2 . To specify a BB code, we select ω,m and
elements A1, A2, A3, B1, B2, B3 of M. We form the matrices
A = A1 + A2 + A3 and B = B1 + B2 + B3 via the
permutation representation, and define parity-check matrices
as HX = [A | B] and HZ = [B↑ | A↑], where ↓ denotes
transposition. The n = 2ωm columns of these matrices denote
physical qubits, and the rows denote supports of X- and Z-type
stabilizers for HX and HZ respectively. By construction, all
checks are supported on six data qubits and all data qubits
participate in six checks. This leads to a natural realization on
superconducting architectures with 2ωm data qubits and 2ωm

check qubits, which are the vertices of a connectivity graph
with degree six.

C. Fault-tolerant Architectures Based on QLDPC Codes

Fault-tolerant computation on QLDPC codes can be realized
through fault-tolerant measurement of logical Pauli operators
assisted with high-fidelity magic states [44]. To implement
logical measurements, a popular technique is generalized
code surgery [26], [27], [31]–[34], [45], which appends a
carefully constructed ancillary system of physical qubits to
act as a measurement gadget. Recent developments in surgery
have introduced techniques to construct highly flexible ancilla
systems, which led to the proposal of the bicycle architec-
ture [27] and its generalization, extractor architectures [26]. In
these architectures, logical information is encoded in multiple
QLDPC code blocks, each augmented by an ancilla system
called an extractor or, for BB codes, a Logic Processing
Unit (LPU). These ancilla systems are connected together
to enable flexible measurements of many logical operators
and, for universal FTQC, are further connected to magic state
factories. Our work focuses on the bicycle architecture and its
magic state factories.

The bicycle architecture [27] relies on a combination of a
highly optimized LPU with fault-tolerantly realizable unitary
automorphism gates. The LPU construction exploits symmetries
in the Bivariate Bicycle codes to maximize measurement
capabilities while minimizing additional physical qubit count.
For example, the [[144,12,12]] code admits an LPU with 90
qubits, and the [[288,12,18]] code admits an LPU with 158. We
briefly discuss the logical gate set in the bicycle architecture.

1) Automorphism gates: An automorphism gate is a permu-
tation of physical qubits which enacts a CNOT circuit on the
logical qubits. Within the group of automorphisms, we focus
on a 36-element subgroup of shift automorphisms that preserve
X/Z type. Twelve of these can be implemented fault-tolerantly
using the same sparse connectivity as syndrome extraction.
These 12 elements form a convenient generating set: any shift
automorphism can be synthesized using at most two generators.

A key structural feature of BB codes is their ZX-duality
[38]: an order-two permutation of physical qubits followed
by a layer of Hadamards maps performs a logical gate. A
basis for the twelve logical qubits is chosen so that they divide
into two blocks of six, and these two blocks are swapped and
Hadamarded by the ZX-duality. Since the shift automorphisms
commute with the ZX-duality, we know their logical unitaries
take the form Uaut ↔ Uaut on the two logical blocks.

2) Native measurements and rotations: The LPU enables 15
different Pauli measurements supported on two logical qubits,
see Figure 2. Composing these measurements with the 36 shift
automorphisms gives us 540 = 15↗36 native multi-qubit Pauli
measurements on up to 12 logical qubits. Although this is only
a small subset of the full 412 Pauli group, they generate all
Clifford operations on 11 logical qubits through a measurement-
to-rotation compilation. As shown in [31] and Fig. 4(d), using
one logical qubit as a pivot qubit, we can implement exp(iε4P )
rotations for multi-qubit Pauli P by measuring P on the desired

• It is a new code that performs 
logical operations on the LDPC 
code 


• It attaches to the "logical 
qubits”


• It needs to be designed so that 
all its stabilizers commute with 
the stabilizers of the memory 
code.



Quantum operations using quantum LDPC codes

Distilling Magic States in the Bicycle Architecture
Shifan Xu→, Kun Liu†, Patrick Rall‡, Zhiyang He§, Yongshan Ding→†

→Department of Applied Physics, Yale University, New Haven, CT 06511, USA
†Department of Computer Science, Yale University, New Haven, CT 06511, USA

‡IBM Quantum, IBM Research, Cambridge, MA 02142, USA
§Department of Mathematics, Massachusetts Institute of Technology, Cambridge, MA 02139, USA

Abstract—Magic State Distillation is considered to be one of

the promising methods for supplying the non-Clifford resources

required to achieve universal fault tolerance. Conventional MSD

protocols implemented in surface codes often require multiple

code blocks and lattice surgery rounds, resulting in substantial

qubit overhead, especially at low target error rates.

In this work, we present practical magic state distillation

factories on Bivariate Bicycle (BB) codes that execute Pauli-

measurement-based Clifford circuits inside a single BB code block.

We formulate distillation circuit design as a joint optimization of

logical qubit mapping, gate scheduling, measurement nativization,

and protocol compression via qubit recycling. Based on detailed

resource analysis and simulations, our BB factories have space-

time volume comparable to that of leading distillation factories

while delivering lower target error at a smaller qubit footprint, and

are particularly compelling as second-round distillers following

magic state cultivations.

Index Terms—Magic state distillation, quantum LDPC codes,

fault-tolerant quantum computing

I. INTRODUCTION

Building large-scale quantum computers, which can realize
transformative applications such as factoring [1], requires
the use of quantum error correction to suppress physical
noise and enable universal, fault-tolerant quantum computa-
tion (FTQC) [2], [3]. To protect quantum information from
decoherence, foundational works [4]–[7] showed that we can
encode information in stabilizer codes, and perform repeated
quantum measurements and classical decoding to correct
from arbitrary physical errors. These schemes enabled the
development of threshold theorems for FTQC [8], which states
that arbitrarily large quantum computation can be realized
through QEC, assuming that physical error rates are below
a constant threshold. Among the many codes developed, the
surface code [9]–[11] has been at the center of QEC research for
the past two decades due to its promising practical performance,
including low connectivity requirement, high threshold and
fast decoding algorithms. Despite these advantages, surface
code incurs a significant space overhead in realizing FTQC:
factoring 2048-bit integers in surface code architectures uses
physical qubits on the scale of millions [12], [13]. More
recently, significant research has studied quantum low-density
parity-check (LDPC) codes, which can realize FTQC with
low space overhead [14]. This asymptotic promise led to the
development of many families of QLDPC codes with practical
parameters [15], notably the Bivariate Bicycle (BB) codes
introduced by IBM [16].

To perform computation on encoded quantum information,
many schemes and architectures have been proposed for
surface codes [10], [17]–[20] and QLDPC codes [14], [21]–
[27]. An essential component common to almost all existing
architectures is the production of high-fidelity non-Clifford
resource states known as magic states. These magic states
can be consumed through gate teleportation [28] to fault-
tolerantly implement non-Clifford logical gates on encoded
information. Conceptually, gate teleporting magic states is
used in most architectures because non-Clifford gates, without
which we cannot perform universal quantum computation, are
at this time more costly to implement using other common
mechanisms such as transversal gates. Gate teleportation serves
as an approach where most of the cost of non-Clifford gates
is offloaded to magic state preparation, while the active cost
at runtime (namely performing the teleportation) is relatively
lower. In most architectures, the total overhead and logical gate
speed are often bottlenecked by the costs of the magic state
factories.

The most widely applied method of magic state production
is called magic state distillation (MSD) [29], which consumes
many copies of noisy, lower-fidelity magic states to produce
fewer copies of higher-fidelity magic states. This procedure
is applied to logical qubits, and typically iterated to suppress
logical error rate to the scale needed for large scale FTQC
(→ 10→12). Conventional MSD factories are therefore very
resource-intensive, often becoming the architectural bottle-
neck. An alternative approach called magic state cultivation

(MSC) [30] gained recent attention due to its impressive
practical performance, achieving a logical error rate of 2↑10→9

at 10→3 physical error rate. MSC injects a physical magic state
into a surface code logical qubit, and suppresses infidelity
by applying multiple rounds of post-selection and physical
non-Clifford gates. Due to its use of exponentially scaling
post-selection, MSC does not scale asymptotically and may
not suffice for large scale FTQC.

In this work, we introduce new designs of magic state
factories that integrate MSC on surface code and MSD in BB
codes, achieving low logical error rates while using significantly
fewer resources compared to conventional distillation factories.
In more detail:

• We present a collection of MSD protocols that run
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Fig. 2: One module in the bicycle architecture, consisting of
a Bivariate Bicycle (BB) code and a Logic Processing Unit
(LPU). BB codes can be presented [16] as a lattice of physical
qubits on a torus, consisting of X and Z check qubits and L
and R data qubits. Connections between qubits are within the
lattice and also along certain long-range connections. The LPU,
which consists of two modules, is connected to the X and Z
operators of the pivot qubit L0 and its dual L6. The LPU is
capable of measuring any product of operators XL0 , ZL0 , XL6 ,
and ZL6 . See Section II-C for more details.

allows for efficient decoding algorithms and locality in physical
implementation. Recent advances in constructing high-rate
codes [16], [35]–[37], implementing logical operations [26],
[32], [38], [39], and building hardware with long-range connec-
tions [40]–[43] have established QLDPC codes as promising
candidates for near-term quantum memories and FTQC.

B. Bivariate Bicycle Codes

The Bivariate Bicycle (BB) codes are a family of recently
proposed QLDPC codes [16], with the “gross” [[144,12,12]]
and “two-gross” [[288,12,18]] codes being particularly attrac-
tive due to their high encoding rate and promising hardware
realizability. Schemes for implementing logical operations vary
significantly across different code families, so we focus our
attention on BB codes for this work.

We give a brief mathematical definition of BB codes.
Consider an abelian group M = {xiyj | i → [0, ω ↑
1], j → [0,m ↑ 1]}, where indices are taken modulo ω and
m. This group admits a representation in terms of permutation
matrices Fωm→ωm

2 . To specify a BB code, we select ω,m and
elements A1, A2, A3, B1, B2, B3 of M. We form the matrices
A = A1 + A2 + A3 and B = B1 + B2 + B3 via the
permutation representation, and define parity-check matrices
as HX = [A | B] and HZ = [B↑ | A↑], where ↓ denotes
transposition. The n = 2ωm columns of these matrices denote
physical qubits, and the rows denote supports of X- and Z-type
stabilizers for HX and HZ respectively. By construction, all
checks are supported on six data qubits and all data qubits
participate in six checks. This leads to a natural realization on
superconducting architectures with 2ωm data qubits and 2ωm

check qubits, which are the vertices of a connectivity graph
with degree six.

C. Fault-tolerant Architectures Based on QLDPC Codes

Fault-tolerant computation on QLDPC codes can be realized
through fault-tolerant measurement of logical Pauli operators
assisted with high-fidelity magic states [44]. To implement
logical measurements, a popular technique is generalized
code surgery [26], [27], [31]–[34], [45], which appends a
carefully constructed ancillary system of physical qubits to
act as a measurement gadget. Recent developments in surgery
have introduced techniques to construct highly flexible ancilla
systems, which led to the proposal of the bicycle architec-
ture [27] and its generalization, extractor architectures [26]. In
these architectures, logical information is encoded in multiple
QLDPC code blocks, each augmented by an ancilla system
called an extractor or, for BB codes, a Logic Processing
Unit (LPU). These ancilla systems are connected together
to enable flexible measurements of many logical operators
and, for universal FTQC, are further connected to magic state
factories. Our work focuses on the bicycle architecture and its
magic state factories.

The bicycle architecture [27] relies on a combination of a
highly optimized LPU with fault-tolerantly realizable unitary
automorphism gates. The LPU construction exploits symmetries
in the Bivariate Bicycle codes to maximize measurement
capabilities while minimizing additional physical qubit count.
For example, the [[144,12,12]] code admits an LPU with 90
qubits, and the [[288,12,18]] code admits an LPU with 158. We
briefly discuss the logical gate set in the bicycle architecture.

1) Automorphism gates: An automorphism gate is a permu-
tation of physical qubits which enacts a CNOT circuit on the
logical qubits. Within the group of automorphisms, we focus
on a 36-element subgroup of shift automorphisms that preserve
X/Z type. Twelve of these can be implemented fault-tolerantly
using the same sparse connectivity as syndrome extraction.
These 12 elements form a convenient generating set: any shift
automorphism can be synthesized using at most two generators.

A key structural feature of BB codes is their ZX-duality
[38]: an order-two permutation of physical qubits followed
by a layer of Hadamards maps performs a logical gate. A
basis for the twelve logical qubits is chosen so that they divide
into two blocks of six, and these two blocks are swapped and
Hadamarded by the ZX-duality. Since the shift automorphisms
commute with the ZX-duality, we know their logical unitaries
take the form Uaut ↔ Uaut on the two logical blocks.

2) Native measurements and rotations: The LPU enables 15
different Pauli measurements supported on two logical qubits,
see Figure 2. Composing these measurements with the 36 shift
automorphisms gives us 540 = 15↗36 native multi-qubit Pauli
measurements on up to 12 logical qubits. Although this is only
a small subset of the full 412 Pauli group, they generate all
Clifford operations on 11 logical qubits through a measurement-
to-rotation compilation. As shown in [31] and Fig. 4(d), using
one logical qubit as a pivot qubit, we can implement exp(iε4P )
rotations for multi-qubit Pauli P by measuring P on the desired

15-to-1 magic state distillation  

• Two-gross code


• 784 qubits


• Surface codes


• ~2070 qubits



State of the art - challenges 

• General QLDPC extractors are still very new


• We are working on a more accessible version


• Decoding errors during a logical operation with an extractor is complex, and 
not a lot is known about optimal decoders for it


• 300K error mechanisms over 18 rounds of syndrome measurements 


• Implementation of extractors has only been tried for a small number of 
qLDPC codes 


• IBM codes,Product codes


