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Introduction

• Quantum error correction is advancing 
extremely fast right now 

• First quantum computers emerged in 
2016-2019 

• Good QLDPCs were discovered in 2022  

• A “good” General logical operations 
framework for  QLDPCs was discovered 
in 2025/6 



Introduction 
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• I’m a scientist at the DLR (German Aerospace agency) 

• Mostly work on quantum error correction 

• Some work on quantum communications and quantum 
computation 
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• The problem of quantum error correction  

• Historical codes 

• Stabilizer formalism  
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Error correction
• Quantum technologies are particularly susceptible to noise

 

• Error correction allows us to detect and correct errors in a state 

• But, unlike in the classical case 

• We can’t measure the state 

• Needs to correct two types of errors: bit flips and phase flips
 

•

|0⟩ ⊗ |0⟩ ⊗ |0⟩ →e |1⟩ ⊗ |0⟩ ⊗ |0⟩

σx |0⟩ → |1⟩, σx |1⟩ → |0⟩

σz |0⟩ → |0⟩, σz |1⟩ → − |1⟩

σ0 = (1 0
0 1), σx = (0 1

1 0), σy = (0 −i
i 0 ), σz = (1 0

0 −1) .



Classical codes - Three bit flip code

• We make quantum states resilient against noise  the same 
way we make classical states resilient to noise  

• We add redundancy PHYSICAL REVIEW A VOLUME 32, NUMBER 6
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This article is concerned with the construction of a quantum-mechanical Hamiltonian describing
a computer. This Hamiltonian generates a dynamical evolution which mimics a sequence of elemen-
tary logical steps. This can be achieved if each logical step is locally reversible (global reversibility is
insufficient). Computational errors due to noise can be corrected by means of redundancy. In par-
ticular, reversible error-correcting codes can be embedded in the Hamiltonian itself. An estimate is
given for the minimum amount of entropy which must be dissipated at a given noise level and
tolerated error rate.

I. INTRODUCTION
Why cannot a computer run backwards' Imagine a

mechanical computer, such as one of the calculating
machines designed by Charles Babbage some 150 years
ago. The input is fed in by means of pegs and cams, and
likewise the output is indicated by the positions of pegs
and plungers. Make a movie of this calculating machine,
and then run the film backwards. The resulting motion
will appear very unnatural, because it defies the physical
laws of friction. Any mechanical computer, even the
humble abacus, must have friction to operate reliably; it
dissipates heat.
When modern electronic computers are operated, some

heat dissipation, typically 10 k~T per elementary logical
(Boolean) operation, is also involved. The heat must be
removed by external means. This may soon become an
acute problem in computer design, as the miniaturization
of electronic components allows computers to be made
more and more compact, while at the same time increas-
ing the speed of their operations. Is heat dissipation, then,
an essential element in the computing process'7
In an electronic computer, logical bits (binary digits) are

materialized as bistable components, such as magnetic
domains. The latter are similar to ordinary mechanical
locks having two stable positions —open and closed. No
heat is dissipated by a lock as long as it is left alone. It is
only when the state of the lock is switched by means of a
key that friction must be overcome (one hears a click).
Could we manufacture frictionless locks? There is no dif-
ficulty in principle to reduce considerably the friction of a
mechanical lock. However, the resulting device would be
useless in ensuring the safety of a house, because even the
slightest tremor or breeze could randomly open or close
the frictionless lock.
Likewise, in current computers, the bistable com-

ponents representing logical bits are required to be im-
mune to thermal fluctuations. Their design is such that
switching them from one state to the other involves a dis-
sipation of energy many times the value of k&T. Howev-
er, there is an essential difference: Contrary to a door
lock, a properly designed computer element is not affected

by tremors or breezes, and its noise temperature may be
very low. " ' A logical bit can in principle be materialized
as a single spin component, e.g.,

~
t ) represents "1"(true)

and
~

l) represents "0" (false). A spin precession from
t ) to t ) can be generated by a magnetic field and dis-

sipates no heat.
We are thus faced with two distinct problems. One is

to write a Hamiltonian H for the system such that the
time evolution e ' ' " represents the execution of a com-
putation. The other one is to build the hardware
described by this Hamiltonian. Assuming that the first
problem can be solved, the second one is only a matter of
technical ingenuity. Even if our state-of-the-art technol-
ogy is inadequate for solving the second problem, the
solution of the first one is nevertheless interesting in its
own right because it shows how dissipation can be re-
duced, if not totally eliminated.
This article is concerned with the construction of a

quantum-mechanical Hamiltonian describing a computer.
Here, the word "computer" is taken to mean a physical
system where strings of bits—having a logical meaning-
are realized by strings of dichotomous elements, called
"spins. " The difference between this computer and an ar-
bitrary system of interacting spins is the following. The
computation process must be modular, i.e., each logical
operation involves only a feto spins (no more than three
are ever needed). Nevertheless, all the spins, even those
which do not participate actively in some logical opera-
tion, may be affected by noise and precess at any time in a
random way. It is therefore essential to introduce, in the
computing process, error-correcting codes: Combatting
noise and correcting errors are not only technological
problems, but fundamental scientific ones as well.
In a quantum-mechanical computer, the execution of a

program is a dynamical process, which may be described
by the Schrodinger equation. It is well known that the
latter applies only to isolated systems and is valid in the
time interval separating a preparation (input) and a mea
surement (output). Although the theoretical considera-
tions in this paper do not set any formal limit to the size
of quantum-mechanical computers, the reader should not
envisage a general-purpose mainframe. What I have in
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• The three-bit flip code is the first 
quantum error correction code 
proposed by Asher Peres in 1985  

•• It only protects against bit-flips, X error 

• But shows that quantum error correction is possible 



Three-qubit bit-flip code 

• First we need to encode a logical state   into 
multiple physical states 

• Modern quantum error correction does not use this definition of 
logical states, or encode states like this 

|ψL⟩ = α |0L⟩ + β |1L⟩

|0L⟩ := |000⟩

|1L⟩ := |111⟩



Three-qubit bit-flip code 

• Let us look at the effect of different bit-flip 

•  

•  

•

σ1
x |ψ⟩ = α |100⟩ + β |011⟩

σ2
x |ψ⟩ = α |010⟩ + β |101⟩

σ3
x |ψ⟩ = α |001⟩ + β |110⟩

|ψL⟩ = α |000⟩ + β |111⟩



Three-qubit bit-flip code 

|ψ⟩L = α |000⟩ + β |111⟩

8

It should be emphasized that the 3-qubit code does not
represent a full quantum code. This is due to the fact
that the code cannot simultaneously correct for both bit
and phase flips [Sec. IX]. This code is a repetition code
extended by Shor (Sho95) to construct the 9-qubit quan-
tum code, demonstrating that QEC was possible.

The 3-qubit code encodes a single logical qubit into
three physical qubits with the property that it can correct
for a single, �x, bit-flip error. The two logical basis states
|0i

L
and |1i

L
are defined as,

|0i
L
= |000i , |1i

L
= |111i , (25)

such that an arbitrary single qubit state | i = ↵ |0i+� |1i
is mapped to,

↵ |0i+ � |1i ! ↵ |0i
L
+ � |1i

L

= ↵ |000i+ � |111i

= | i
L
.

(26)

Fig. 2 illustrates the quantum circuit required to encode
a single logical qubit via the initialization of two an-
cilla qubits and two CNOT gates. The reason that this

FIG. 2 Quantum Circuit to prepare the |0iL state for the 3-
qubit code where an arbitrary single qubit state, | i is coupled
to two freshly initialized ancilla qubits via CNOT gates to
prepare | iL.

code is able to correct for a single bit-flip error is the
binary distance between the two codeword states. No-
tice that three individual bit flips are required to take
|0i

L
$ |1i

L
, hence if we assume | i = |0i

L
, a single bit

flip on any qubit leaves the final state closer to |0i
L
than

|1i
L
. The distance between two codeword states, d, de-

fines the number of errors that can be corrected, t, as,
t = b(d� 1)/2c. In this case, d = 3, hence t = 1.

How are we able to correct errors using this code with-
out directly measuring or obtaining information about
the logical state? Two additional ancilla qubits are
introduced, which are used to extract syndrome infor-
mation (information regarding possible errors) from the
data block without discriminating the exact state of any
qubit. The encoding and correction circuit is illustrated
in Fig. 3. Correction proceeds by introducing two ancilla
qubits and performing a sequence of CNOT gates, which
checks the parity of the three qubit data block. For the
sake of simplicity we assume that all gate operations are
perfect and the only place where the qubits are suscepti-
ble to error is the region between encoding and correction

M

M

C
o
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c
t

E
rro
r

FIG. 3 Circuit required to encode and correct for a single
�x-error. We assume that after encoding a single bit-flip oc-
curs on one of the three qubits (or no error occurs). Two
initialized ancilla are then coupled to the data block which
only checks the parity between qubits. These ancilla are then
measured, with the measurement result indicating where (or
if) an error has occurred, without directly measuring any of
the data qubits. Using this syndrome information, the error
can be corrected with a classically controlled �x gate.

(As illustrated in Fig 3). We will return to this issue in
section X when we discuss fault-tolerance. We also as-
sume that at most a single, complete bit flip error occurs
on one of the three data qubits. Table I summarizes the
state of the whole system, for each possible error, just
prior to measurement.

Error Location Final State, |datai |ancillai
No Error ↵ |000i |00i+ � |111i |00i
Qubit 1 ↵ |100i |11i+ � |011i |11i
Qubit 2 ↵ |010i |10i+ � |101i |10i
Qubit 3 ↵ |001i |01i+ � |110i |01i

TABLE I Final state of the five qubit system prior to the
syndrome measurement for no error or a single X error on
one of the qubits. The last two qubits represent the state
of the ancilla. Note that each possible error will result in a
unique measurement result (syndrome) of the ancilla qubits.
This allows for a �x correction gate to be applied to the data
block which is classically controlled from the syndrome result.

For each possible situation, either no error or a single
bit-flip error, the ancilla qubits are flipped to a unique
state based on the parity of the data block. These qubits
are then measured to obtain the classical syndrome re-
sult. The result of the measurement will then dictate if
a correction gate needs to be applied. This is illustrated
in Table. II.
Provided that only a single error has occurred, the data

block is restored. At no point during correction do we
gain any information regarding the coe�cients ↵ and �,
hence superpositions of the computational state will re-
main in-tact during correction.
This code will only work if a maximum of one error

occurs. The 3-qubit code is a d = 3 code, hence if t > 1,
then the resulting state becomes “closer” to the wrong



Three-qubit bit code 
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(As illustrated in Fig 3). We will return to this issue in
section X when we discuss fault-tolerance. We also as-
sume that at most a single, complete bit flip error occurs
on one of the three data qubits. Table I summarizes the
state of the whole system, for each possible error, just
prior to measurement.

Error Location Final State, |datai |ancillai
No Error ↵ |000i |00i+ � |111i |00i
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TABLE I Final state of the five qubit system prior to the
syndrome measurement for no error or a single X error on
one of the qubits. The last two qubits represent the state
of the ancilla. Note that each possible error will result in a
unique measurement result (syndrome) of the ancilla qubits.
This allows for a �x correction gate to be applied to the data
block which is classically controlled from the syndrome result.

For each possible situation, either no error or a single
bit-flip error, the ancilla qubits are flipped to a unique
state based on the parity of the data block. These qubits
are then measured to obtain the classical syndrome re-
sult. The result of the measurement will then dictate if
a correction gate needs to be applied. This is illustrated
in Table. II.
Provided that only a single error has occurred, the data

block is restored. At no point during correction do we
gain any information regarding the coe�cients ↵ and �,
hence superpositions of the computational state will re-
main in-tact during correction.
This code will only work if a maximum of one error

occurs. The 3-qubit code is a d = 3 code, hence if t > 1,
then the resulting state becomes “closer” to the wrong

• Now let us assume we have two bit-flip errors on different qubits? 
What happens?



Three-qubit phase-flip code 

• How do we do the same to protect against phase-flips? 

•  

•

σz |0⟩ = |0⟩

σz |1⟩ = − |1⟩

• Anyone?



Three-qubit phase-flip code 

•
Let use consider the states ,  

• Notice that  

•  

•  

• So we can encode our state as 

| + ⟩ =
|0⟩ + |1⟩

2
| − ⟩ =

|0⟩ − |1⟩

2

σz | + ⟩ = | − ⟩

σz | − ⟩ = | + ⟩

|ψ⟩L = α | + + + ⟩ + β | − − − ⟩



Three-qubit phase-flip code 

|ψ⟩L = α | + + + ⟩ + β | − − − ⟩



The Shor code

• The Shor code was designed 
by Shor in 1995 and marks 
the first code that can correct 
any bit-flip and phase-flip 
affecting only one qubit 

• 9 qubits encoding 1 single 
logical state



The Shor code

+

• The Shor code was designed 
by Shor in 1995 and marks 
the first code that can correct 
any bit-flip and phase-flip 
affecting only one qubit 

• 9 qubits encoding 1 single 
logical state



The Shor code

+
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FIG. 5 Circuit required to perform Z-error correction for the 9-qubit code.

will detect and correct for phase flips. As mentioned,
the X error correction does have the ability to correct
for up to three individual bit flips (provided each bit flip
occurs in a di↵erent block of three). However, in general,
the 9-qubit code is only a single error correcting code as
it cannot handle multiple errors if they occur in certain
locations.

The 9-qubit code is in fact related to a useful class of er-
ror correcting codes known as Bacon-Shor codes (Bac06).
These codes have the property that certain subgroups of
error operators do not corrupt the logical space. For
example, In the 9-qubit code, specific pairs of phase
errors do not corrupt the logical states. Bacon-Shor
codes are very nice codes from a computer architectural
point of view. Error correction circuits and gates are
generally simpler, allowing for circuit structures more
amenable to the physical restrictions of a computer ar-
chitecture (AC07). Additionally, Bacon-Shor codes cor-
recting a larger number of errors have a similar structure.
Therefore, are able to perform dynamical switching be-
tween codes, in a fault-tolerant manner. This allows us
to adapt the amount of error correction to better reflect
the noise present at a physical level (SEDH08). We will
return and revisit these codes later in section XIV.A.

VI. QUANTUM ERROR DETECTION

So far we have focused on the ability not only to de-
tect errors, but also to correct them. Another approach is
to not enforce the correction requirement. Post-selected
quantum computation, developed by Knill (Kni05)
demonstrated that large scale quantum computing could
be achieved with much higher noise rates when error de-
tection is employed instead of more costly correction pro-
tocols. The basic idea in post-selected schemes is to en-
code a large number of ancilla qubits with error detecting
circuits. Sets of encoded qubits which pass error detec-
tion are selected and further utilized as encoded ancillas
for error correction. In general, error detection is faster
and requires fewer qubits than performing active error
correction. By producing and verifying large numbers
of encoded ancillas which are post-selected after verifi-
cation, error correction can be performed without data
qubits waiting as long for appropriate ancilla to be pre-
pared, decreasing the number of errors that need to be
corrected. One of the downsides to these types of schemes
is that although they lead to large tolerable error rates,
the resource requirements are much higher.

The simplest error detecting circuit is the 4-qubit
code (GBP97). This encodes two logical qubits on to
four physical qubits with the ability to detect a single
error on either of the two logical qubits. The four basis



Error correction

•  What we need to do for error correction 

• Encode a lower-dimensional state in a larger one (we need 
redundancy) 

• We need a membership test 

• Know if the code word is valid without measuring the state 

• When a word is not valid, we need to be able to guess the likely 
error that occurred

|111⟩
|000⟩

Valid codewords 

|100⟩

Non-valid codeword 



The stabilizer formalism

• Stabilizer formalism is an important tool for error correction 

• It is a general formalism used to test if a state is of a certain form 
without measuring it 

• With it we can create and understand error correction codes easily 

A state  is defined to be stabilized by some operator , 
 if it is a  eigenstate of , i.e. 

|ψ⟩ K

K |ψ⟩ = |ψ⟩



The stabilizer formalism
• Examples: 

• The qubit state  is stabilized by ,  

• The qubit state  is stabilized by ,  

•
The qubit state  is stabilized by   

•
The qubit state  is stabilized by  

|0⟩ K = σz σz |0⟩ = |0⟩

|1⟩ K = − σz −σz |1⟩ = |1⟩

| + ⟩ =
1

2
( |0⟩ + |1⟩) K = σx

| − ⟩ =
1

2
( |0⟩ − |1⟩) K = − σx

σ0 = (1 0
0 1), σx = (0 1

1 0), σy = (0 −i
i 0 ), σz = (1 0

0 −1) .



The stabilizer formalism

• Let us suppose we have the state,  and the  

 

• And there is an error ,     

• Now  

|ψ⟩ = |0⟩ σz

σz |0⟩ = |0⟩

σx σx |ψ⟩ = |1⟩

σz |ψ⟩ = − |ψ⟩



The stabilizer formalism

• Let us suppose we have the state,  and the stabilizer  

 

• And there is an error ,     

• Now  

|ψ⟩ = | + ⟩ σx

σx | + ⟩ = | + ⟩

σz σz |ψ⟩ = |1⟩

σx |ψ⟩ = − |ψ⟩



Test

• We can test the phase shift without directly measuring the state

|ψ⟩

H H

K |ψ⟩

|0⟩a

(1) (2) (3) (4) (5)



Test

(1)

(2)

|ψ⟩ |0⟩a

1

2
|ψ⟩( |0⟩a + |1⟩a) =

1

2
( |ψ⟩ |0⟩a + |ψ⟩ |1⟩b)

|ψ⟩

H H

K |ψ⟩

|0⟩a

(1) (2) (3) (4) (5)



(2)

(3)

1

2
|ψ⟩( |0⟩a + |1⟩a) =

1

2
( |ψ⟩ |0⟩a + ψ⟩ |1⟩b)

|ψ⟩

H H

K |ψ⟩

|0⟩a

(1) (2) (3) (4) (5)

1

2
( |ψ⟩ |0⟩a + K |ψ⟩ |1⟩b) = ( |ψ⟩ |0⟩a ± |ψ⟩ |1⟩b) = |ψ⟩ | ± ⟩

Test



Test

• But if  is not either -1 or 1? 

• Because we are measuring the ancilla, the state always collapses 
to one of the two subspaces associated with -1 and 1 

• Let us consider  

• the state  

• And the stabilizer 

K |ψ⟩

|ψ⟩ = a |0⟩ + b |1⟩

σz



Test

(1)

(2)

(a |0⟩ + b |1⟩) |0⟩a

a

2
|0⟩( |0⟩a + |1⟩a) +

b

2
|1⟩( |0⟩a + |1⟩a)

|ψ⟩

H H

K |ψ⟩

|0⟩a

(1) (2) (3) (4) (5)



(2)

(3)

a

2
|0⟩( |0⟩a + |1⟩a) +

b

2
|1⟩( |0⟩a + |1⟩a)

=
a

2
( |0⟩ |0⟩a + |0⟩ |1⟩a) +

b

2
( |1⟩ |0⟩a + |1⟩ |1⟩a)

a

2
( |0⟩ |0⟩a + σz |0⟩ |1⟩a) +

b

2
( |1⟩ |0⟩a + σz |1⟩ |1⟩a)

|ψ⟩

H H

K |ψ⟩

|0⟩a

(1) (2) (3) (4) (5)

Test



Test

(3) a

2
|0⟩ | + ⟩a +

b

2
|1⟩ | − ⟩a

(4) a

2
|0⟩ |0⟩a +

b

2
|1⟩ |1⟩a

|ψ⟩

H H

K |ψ⟩

|0⟩a

(1) (2) (3) (4) (5)



Test

• In this case, the superposition is lost because we know exactly the 
state associated with each measurement of the ancilla qubit 

• Not very useful  

• But we can use the same trick to reduce the dimensionality of a 
higher-dimensional state to a lower-dimensional one



Stabilizers examples

• Let us consider a two-qubit system. The following states form 
a complete basis 

• That are stabilized by

|Φ+⟩ = 1

2
( |00⟩ + |11⟩) |Φ−⟩ = 1

2
( |00⟩ − |11⟩)

|Ψ+⟩ = 1

2
( |01⟩ + |10⟩) |Ψ−⟩ = 1

2
( |01⟩ − |10⟩)

13

FIG. 6 Circuit required to detect errors in the 4-qubit error detection code. If both ancilla measurements return |0i, then the
code state is error free. If either measurement returns |1i, an error has occurred. Unlike the 9-qubit code, the detection of an
error does not give su�cient information to correct the state.

Many extremely useful multi-qubit states are stabi-
lizer states, including two-qubit Bell states, Greenberger-
Horne-Zeilinger (GHZ) states (GHZ89; GHSZ90), Clus-
ter states (BR01; RB01) and codeword states for QEC.
As an example, consider a three qubit GHZ state,

|GHZi3 =
|000i+ |111i

p
2

. (44)

This state can be expressed via any three linearly inde-
pendent generators of the |GHZi3 stabilizer group,

K1 = �x ⌦ �x ⌦ �x ⌘ XXX,

K2 = �z ⌦ �z ⌦ �I ⌘ ZZI,

K3 = �I ⌦ �z ⌦ �z ⌘ IZZ,

(45)

where the right-hand side of each equation is the short-
hand representation of stabilizers. Similarly, the four or-
thogonal Bell states,

���±↵ =
|00i± |11i

p
2

,

�� ±↵ =
|01i± |10i

p
2

,

(46)

are stabilized by the operators, K1 = (�1)aXX, and
K2 = (�1)bZZ, where [a, b] 2 {0, 1}. Each of the four
Bell states correspond to the four ±1 eigenstate combi-
nations of these two operators,

�+
⌘

✓
K1 = XX
K2 = ZZ

◆
��

⌘

✓
K1 = �XX
K2 = ZZ

◆

 +
⌘

✓
K1 = XX
K2 = �ZZ

◆
 �

⌘

✓
K1 = �XX
K2 = �ZZ

◆ (47)

VIII. QUANTUM ERROR CORRECTION WITH
STABILISER CODES

The use of the stabilizer formalism to describe quan-
tum error correction codes is extremely useful since it
allows easy synthesis of correction circuits and also al-
lows for quick determination of what logical operations
can be applied directly on encoded data. The link be-
tween stabilizer codes and stabilizer states comes about
by defining a relevant coding subspace within the larger
Hilbert space of a multi-qubit system.
To illustrate this reduction let us examine a simple two

qubit example. A 2-qubit system has a Hilbert space
dimension of four, however if we require that this two
qubit state is stabilized by the XX operator, then there
are only two orthogonal basis states which satisfies this
condition,

|0i
L
⌘

1
p
2
(|01i+ |10i) , |1i

L
⌘

1
p
2
(|00i+ |11i) ,

(48)
which can be used to define a e↵ective logical qubit.
Hence by using stabilizers we can reduce the size of the
Hilbert space for a multi-qubit system to an e↵ective
single qubit system. In the context of QEC, the sta-
bilizers that are used to define the logical subspace are
utilized to detect and correct for errors. A stabilizer code
is therefore a subspace defined via stabilizer operators for
a multi-qubit system.
Returning to QEC, the example we focus on is the most

well known quantum code; the 7-qubit Steane code first
proposed in 1996 (Ste96a). The 7-qubit code is defined
as a [[n, k, d]] = [[7, 1, 3]] quantum code, where n = 7
physical qubits encode k = 1 logical qubit with a distance
between basis states d = 3, correcting t = b(d�1)/2c = 1



Stabilizers examples

• For the stabilizer  

• Only the  and  states are stabilized by 

K = σz ⊗ σz → ZZ

|Φ+⟩ |ϕ+⟩ K

|Φ+⟩ = 1

2
( |00⟩ + |11⟩) |Φ−⟩ = 1

2
( |00⟩ − |11⟩)

|Ψ+⟩ = 1

2
( |01⟩ + |10⟩) |Ψ−⟩ = 1

2
( |01⟩ − |10⟩)



Stabilizers examples

• All states that pass a test with stabilizer  are a linear combination of 

• In other words, all the states such that , are of the form 

•  

• In also another take,  we measure the parity between states using 
stabilizers without measuring the state 

KK

XX |ψ⟩ = |ψ⟩

|ψ⟩ = a |0⟩L + b |1⟩L

|0⟩L = |Φ+⟩ = 1

2
( |00⟩ + |11⟩)

|1⟩L = |Φ+⟩ = 1

2
( |00⟩ − |11⟩)



Stabilizers examples

• For the stabilizer  

• Only the  and  states are stabilized by 

K2 = σx ⊗ σx → XX

|Φ+⟩ |ψ+⟩ K

|Φ+⟩ = 1

2
( |00⟩ + |11⟩) |Φ−⟩ = 1

2
( |00⟩ − |11⟩)

|Ψ+⟩ = 1

2
( |01⟩ + |10⟩) |Ψ−⟩ = 1

2
( |01⟩ − |10⟩)



Stabilizers examples

• All states that pass a test with stabilizer  are a linear combination 
of 

• In other words, all the states such that , are of the form 

•  

• We measure the parity of the relative phase 

K2

XX |ψ⟩ = |ψ⟩

|ψ⟩ = a |0⟩L + b |1⟩L

|0⟩L = |Φ+⟩ = 1

2
( |00⟩ + |11⟩)

|1⟩L = |Ψ+⟩ = 1

2
( |01⟩ + |10⟩)



Stabilizers examples - building the Shor code

• Exercise  

• What are the parities here? 

• What are the stabilizers?
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• Exercise  

• What are the parities here? 

• What are the stabilizers?
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error. As the code contains a single logical qubit, the code must contain two valid code states: |0i
L
and |1i

L
basis

states which are, in state vector notation,

|0iL =
1
p
8
(|0000000i+ |1010101i+ |0110011i+ |1100110i+ |0001111i+ |1011010i+ |0111100i+ |1101001i),

|1iL =
1
p
8
(|1111111i+ |0101010i+ |1001100i+ |0011001i+ |1110000i+ |0100101i+ |1000011i+ |0010110i).

(49)

For a general 7-qubit state, the total dimension of the
Hilbert space is 27. For a single logically encoded
qubit, we must restrict this to a 2-dimensional subspace
spanned by the states in Eq. (49). This reduction can be
clearly seen via stabilizers.

The stabilizer set for the 7-qubit code is fully specified
by the six operators,

K1 = IIIXXXX, K2 = XIXIXIX,

K3 = IXXIIXX, K4 = IIIZZZZ

K5 = ZIZIZIZ, K6 = IZZIIZZ.

(50)

Each of the valid codestates for the 7-qubit code are sta-
bilized by these operators. As the dimensionality of a
7-qubit system is 27 and there are six stabilizers, the to-
tal dimension of this subspace defined by the stabilizer
group is 27�6 = 2. The stabilizer set now defines an e↵ec-
tive 2-dimensional subspace, and thus a single encoded
qubit3.

The final operator fixes the encoded state to one of
the two codewords. For the Steane code this operator
is Z̄ = ZZZZZZZ = Z⌦7, where Z̄ |0i

L
= |0i

L
and

Z̄ |1i
L

= � |1i
L
. Notice that these generators for the

stabilizer set separate into elements consisting solely of
X or Z operators. This defines the code as a Calderbank-
Shor-Steane (CSS) code. CSS codes are useful since they
allow for the straightforward application of several logical
gate operations directly to the encoded data [Section XI].

Although the 7-qubit code is the most well-known sta-
bilizer code, there are other stabilizer codes which en-
code multiple logical qubits and correct for more er-
rors (Got97). Despite these advantages, larger codes
generally require more complicated error correction cir-
cuits. As the complexity of the error correction circuits
increase, adapting such codes to physical computer archi-
tectures becomes more di�cult. Tables VI and VII show
the stabilizer structure of two other well-known codes.

3 In general, for an n qubit system, the total dimensionality of the
Hilbert space is 2n, if a stabilizer set is defined over this system
containing k multiplicativity independent generators, then the
dimension of the subspace is 2n�k and therefore the stabilizer
set defines a subspace containing n� k logical qubits.

The 9-qubit code (Sho95) examined earlier, and the 5-
qubit code (LMPZ96) which represents the smallest pos-
sible quantum code that corrects for a single error.

K1 Z Z I I I I I I I
K2 Z I Z I I I I I I
K3 I I I Z Z I I I I
K4 I I I Z I Z I I I
K5 I I I I I I Z Z I
K6 I I I I I I Z I Z
K7 X X X X X X I I I
K8 X X X I I I X X X

TABLE VI The eight stabilizers for the 9-qubit Shor code,
encoding nine physical qubits into one logical qubit to correct
for a single X and/or Z error.

K1 X Z Z X I
K2 I X Z Z X
K3 X I X Z Z
K4 Z X I X Z

TABLE VII The four stabilizers for the [[5,1,3]] quantum
code, encoding five physical qubits into one logical qubit to
correct for a single X, Y or Z error. Unlike the 7- and 9-
qubit codes, the [[5,1,3]] code is a non-CSS code, since the
stabilizer set does not separate into X and Z sectors. Addi-
tionally, this code can only correct a single error where as the
7- and 9-qubit codes can correct for a maximum of 2 errors (a
single X and Z error provided they occur on di↵erent qubits)

A. State preparation

Using the stabilizer structure for QEC codes, the log-
ical state preparation and error correcting procedure is
straightforward. Recall that valid codeword states are
defined as simultaneous +1 eigenstates of each generator
of the stabilizer group. In order to prepare a logical state
from an arbitrary input, we need to project qubits into
eigenstates of each of these operators.
Consider the circuit shown in Fig. 7. For an arbitrary

input state, | i
I
, an ancilla which is initialized in the

• 9 qubits encode one single qubit 

• Corrects all single-qubit errors  



How to correct errors?

|Φ−⟩ = 1

2
( |00⟩ − |11⟩) ZI |Φ−⟩ = |0⟩L

|Ψ−⟩ = 1

2
( |01⟩ − |10⟩) ZI |Ψ−⟩ = |1⟩L

• Remember that  

• So if we have an z error on qubit 1,  

• that error can be corrected by applying  on qubit 1

σ2
i = I

σz

|0⟩L = |Φ+⟩ = 1

2
( |00⟩ + |11⟩)

|1⟩L = |Ψ+⟩ = 1

2
( |01⟩ + |10⟩)



Steane code

• The Steane code was Introduced in 1 

• It is one of the smallest codes that can connect any single arbitrary 
error in a quantum system 

• Seven physical qubits, 1 logical qubit, distance 3.  [7,1,3] 



Steane code

K1 I I I X X X X
K2 X I X I X I X
K3 I X X I I X X
K4 I I I Z Z Z Z
K5 Z I Z I Z I Z
K6 I Z Z I Z Z I



The Steane code

K1 I I I X X X X
K2 X I X I X I X
K3 I X X I I X X
K4 I I I Z Z Z Z
K5 Z I Z I Z I Z
K6 I Z Z I Z Z I

• 7 qubits encode one single qubit 

• Corrects all single-qubit errors  
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error. As the code contains a single logical qubit, the code must contain two valid code states: |0i
L
and |1i

L
basis

states which are, in state vector notation,

|0iL =
1
p
8
(|0000000i+ |1010101i+ |0110011i+ |1100110i+ |0001111i+ |1011010i+ |0111100i+ |1101001i),

|1iL =
1
p
8
(|1111111i+ |0101010i+ |1001100i+ |0011001i+ |1110000i+ |0100101i+ |1000011i+ |0010110i).

(49)

For a general 7-qubit state, the total dimension of the
Hilbert space is 27. For a single logically encoded
qubit, we must restrict this to a 2-dimensional subspace
spanned by the states in Eq. (49). This reduction can be
clearly seen via stabilizers.

The stabilizer set for the 7-qubit code is fully specified
by the six operators,

K1 = IIIXXXX, K2 = XIXIXIX,

K3 = IXXIIXX, K4 = IIIZZZZ

K5 = ZIZIZIZ, K6 = IZZIIZZ.

(50)

Each of the valid codestates for the 7-qubit code are sta-
bilized by these operators. As the dimensionality of a
7-qubit system is 27 and there are six stabilizers, the to-
tal dimension of this subspace defined by the stabilizer
group is 27�6 = 2. The stabilizer set now defines an e↵ec-
tive 2-dimensional subspace, and thus a single encoded
qubit3.

The final operator fixes the encoded state to one of
the two codewords. For the Steane code this operator
is Z̄ = ZZZZZZZ = Z⌦7, where Z̄ |0i

L
= |0i

L
and

Z̄ |1i
L

= � |1i
L
. Notice that these generators for the

stabilizer set separate into elements consisting solely of
X or Z operators. This defines the code as a Calderbank-
Shor-Steane (CSS) code. CSS codes are useful since they
allow for the straightforward application of several logical
gate operations directly to the encoded data [Section XI].

Although the 7-qubit code is the most well-known sta-
bilizer code, there are other stabilizer codes which en-
code multiple logical qubits and correct for more er-
rors (Got97). Despite these advantages, larger codes
generally require more complicated error correction cir-
cuits. As the complexity of the error correction circuits
increase, adapting such codes to physical computer archi-
tectures becomes more di�cult. Tables VI and VII show
the stabilizer structure of two other well-known codes.

3 In general, for an n qubit system, the total dimensionality of the
Hilbert space is 2n, if a stabilizer set is defined over this system
containing k multiplicativity independent generators, then the
dimension of the subspace is 2n�k and therefore the stabilizer
set defines a subspace containing n� k logical qubits.

The 9-qubit code (Sho95) examined earlier, and the 5-
qubit code (LMPZ96) which represents the smallest pos-
sible quantum code that corrects for a single error.

K1 Z Z I I I I I I I
K2 Z I Z I I I I I I
K3 I I I Z Z I I I I
K4 I I I Z I Z I I I
K5 I I I I I I Z Z I
K6 I I I I I I Z I Z
K7 X X X X X X I I I
K8 X X X I I I X X X

TABLE VI The eight stabilizers for the 9-qubit Shor code,
encoding nine physical qubits into one logical qubit to correct
for a single X and/or Z error.

K1 X Z Z X I
K2 I X Z Z X
K3 X I X Z Z
K4 Z X I X Z

TABLE VII The four stabilizers for the [[5,1,3]] quantum
code, encoding five physical qubits into one logical qubit to
correct for a single X, Y or Z error. Unlike the 7- and 9-
qubit codes, the [[5,1,3]] code is a non-CSS code, since the
stabilizer set does not separate into X and Z sectors. Addi-
tionally, this code can only correct a single error where as the
7- and 9-qubit codes can correct for a maximum of 2 errors (a
single X and Z error provided they occur on di↵erent qubits)

A. State preparation

Using the stabilizer structure for QEC codes, the log-
ical state preparation and error correcting procedure is
straightforward. Recall that valid codeword states are
defined as simultaneous +1 eigenstates of each generator
of the stabilizer group. In order to prepare a logical state
from an arbitrary input, we need to project qubits into
eigenstates of each of these operators.
Consider the circuit shown in Fig. 7. For an arbitrary

input state, | i
I
, an ancilla which is initialized in the
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error. As the code contains a single logical qubit, the code must contain two valid code states: |0i
L
and |1i

L
basis

states which are, in state vector notation,

|0iL =
1
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8
(|0000000i+ |1010101i+ |0110011i+ |1100110i+ |0001111i+ |1011010i+ |0111100i+ |1101001i),

|1iL =
1
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8
(|1111111i+ |0101010i+ |1001100i+ |0011001i+ |1110000i+ |0100101i+ |1000011i+ |0010110i).

(49)

For a general 7-qubit state, the total dimension of the
Hilbert space is 27. For a single logically encoded
qubit, we must restrict this to a 2-dimensional subspace
spanned by the states in Eq. (49). This reduction can be
clearly seen via stabilizers.

The stabilizer set for the 7-qubit code is fully specified
by the six operators,

K1 = IIIXXXX, K2 = XIXIXIX,

K3 = IXXIIXX, K4 = IIIZZZZ

K5 = ZIZIZIZ, K6 = IZZIIZZ.

(50)

Each of the valid codestates for the 7-qubit code are sta-
bilized by these operators. As the dimensionality of a
7-qubit system is 27 and there are six stabilizers, the to-
tal dimension of this subspace defined by the stabilizer
group is 27�6 = 2. The stabilizer set now defines an e↵ec-
tive 2-dimensional subspace, and thus a single encoded
qubit3.

The final operator fixes the encoded state to one of
the two codewords. For the Steane code this operator
is Z̄ = ZZZZZZZ = Z⌦7, where Z̄ |0i

L
= |0i

L
and

Z̄ |1i
L

= � |1i
L
. Notice that these generators for the

stabilizer set separate into elements consisting solely of
X or Z operators. This defines the code as a Calderbank-
Shor-Steane (CSS) code. CSS codes are useful since they
allow for the straightforward application of several logical
gate operations directly to the encoded data [Section XI].

Although the 7-qubit code is the most well-known sta-
bilizer code, there are other stabilizer codes which en-
code multiple logical qubits and correct for more er-
rors (Got97). Despite these advantages, larger codes
generally require more complicated error correction cir-
cuits. As the complexity of the error correction circuits
increase, adapting such codes to physical computer archi-
tectures becomes more di�cult. Tables VI and VII show
the stabilizer structure of two other well-known codes.

3 In general, for an n qubit system, the total dimensionality of the
Hilbert space is 2n, if a stabilizer set is defined over this system
containing k multiplicativity independent generators, then the
dimension of the subspace is 2n�k and therefore the stabilizer
set defines a subspace containing n� k logical qubits.

The 9-qubit code (Sho95) examined earlier, and the 5-
qubit code (LMPZ96) which represents the smallest pos-
sible quantum code that corrects for a single error.
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TABLE VI The eight stabilizers for the 9-qubit Shor code,
encoding nine physical qubits into one logical qubit to correct
for a single X and/or Z error.

K1 X Z Z X I
K2 I X Z Z X
K3 X I X Z Z
K4 Z X I X Z

TABLE VII The four stabilizers for the [[5,1,3]] quantum
code, encoding five physical qubits into one logical qubit to
correct for a single X, Y or Z error. Unlike the 7- and 9-
qubit codes, the [[5,1,3]] code is a non-CSS code, since the
stabilizer set does not separate into X and Z sectors. Addi-
tionally, this code can only correct a single error where as the
7- and 9-qubit codes can correct for a maximum of 2 errors (a
single X and Z error provided they occur on di↵erent qubits)

A. State preparation

Using the stabilizer structure for QEC codes, the log-
ical state preparation and error correcting procedure is
straightforward. Recall that valid codeword states are
defined as simultaneous +1 eigenstates of each generator
of the stabilizer group. In order to prepare a logical state
from an arbitrary input, we need to project qubits into
eigenstates of each of these operators.
Consider the circuit shown in Fig. 7. For an arbitrary

input state, | i
I
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σx σy



The Steane code

Z

Detects

X

i = S3, S2, S1

j = S6, S5, S4

K1 X I X I X I X
K2 I X X I I X X
K3 I I I X X X X
K4 Z I Z I Z I Z
K5 I Z Z I Z Z I
K6 I I I Z Z Z Z



The Steane code
No error

i = 000

j = 000

K1 X I X I X I X
K2 I X X I I X X
K3 I I I X X X X
K4 Z I Z I Z I Z
K5 I Z Z I Z Z I
K6 I I I Z Z Z Z



The Steane code

i = 001

j = 000

Error σz

Can be corrected with  on qubit 1σz

K1 X I X I X I X
K2 I X X I I X X
K3 I I I X X X X
K4 Z I Z I Z I Z
K5 I Z Z I Z Z I
K6 I I I Z Z Z Z



The Steane code

i = 010

j = 000

Error σz

Can be corrected with  on qubit 2σz

K1 X I X I X I X
K2 I X X I I X X
K3 I I I X X X X
K4 Z I Z I Z I Z
K5 I Z Z I Z Z I
K6 I I I Z Z Z Z



The Steane code

i = 011

j = 000

Error σz

Can be corrected with  on qubit 3σz

K1 X I X I X I X
K2 I X X I I X X
K3 I I I X X X X
K4 Z I Z I Z I Z
K5 I Z Z I Z Z I
K6 I I I Z Z Z Z



The Steane code

i = 100

j = 000

Error σz

Can be corrected with  on qubit 4σz

K1 X I X I X I X
K2 I X X I I X X
K3 I I I X X X X
K4 Z I Z I Z I Z
K5 I Z Z I Z Z I
K6 I I I Z Z Z Z



The Steane code

i = 101

j = 000

Error σz

Can be corrected with  one qubit 5σz

K1 X I X I X I X
K2 I X X I I X X
K3 I I I X X X X
K4 Z I Z I Z I Z
K5 I Z Z I Z Z I
K6 I I I Z Z Z Z



The Steane code

i = 110

j = 000

Error

Can be corrected with  one qubit 6σz

K1 X I X I X I X
K2 I X X I I X X
K3 I I I X X X X
K4 Z I Z I Z I Z
K5 I Z Z I Z Z I
K6 I I I Z Z Z Z

σz



The Steane code

i = 111

j = 000

Error

Can be corrected with  one qubit 7σz

K1 X I X I X I X
K2 I X X I I X X
K3 I I I X X X X
K4 Z I Z I Z I Z
K5 I Z Z I Z Z I
K6 I I I Z Z Z Z

σz



The Steane code

i = 000

j = 001

Error

Can be corrected with  one qubit 1σx

K1 X I X I X I X
K2 I X X I I X X
K3 I I I X X X X
K4 Z I Z I Z I Z
K5 I Z Z I Z Z I
K6 I I I Z Z Z Z

σx
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M0 H H

K

M0 H H

M0 H H

KK Z
i

1

2

3

1 2 3

1

7

i = 1    +2     + 4   
M M M

2 3 1

M0 H H

K

M0 H H

M0 H H

KK X
i

4

5

6

4 5 6

i = 1    +2     + 4   
M M M

5 6 4

FIG. 9 Quantum circuit to to correct for a single X and/or Z error using the [[7, 1, 3]] code. Each of the six stabilizers are
measured, with the first three detecting and correcting for Z errors, while the last three detect and correct for X errors.

A. Systematic gate errors

We have already shown a primitive example of how
systematic gate errors are digitized into a discrete set of
Pauli operators in Sec. III. However, in that case we only
considered a very restrictive type of error, namely the
coherent operator U = exp(i✏X). We can easily extend
this analysis to cover all types of systematic gate errors.
Consider an N qubit unitary operation, UN , which is
valid on encoded data. Assume that UN is applied in-
accurately such that the resultant operation is actually
UN . Given a general encoded state | i

N
, the final state

can be expressed as,

UN | i
L
= UEUN | i

L
=

X

j

↵jEj | 2iL , (59)

where | 2iL = UN | i
L
is the perfectly applied N qubit

gate, (the stabilizer group for | 0
i
L
remains invariant un-

der the operation UN [see Sec. XI]) and UE is a coher-
ent error operator which is expanded in terms of the N
qubit Pauli Group, Ej 2 PN . Now append two ancilla

blocks, |A0i
X and |A0i

Z . These are generally initial-
ized to the state that corresponds to no detected errors
(but can be other initial states up to a redefinition of the
measurement results) and are used for X and Z correc-
tion. We then run the syndrome extraction procedure,
which we represent by the unitary operator, UQEC. It
will be assumed that | i

L
is encoded with a QEC code

which can correct for a single error (both X and/or Z),
and the error operators Ej are a maximum of weight
one (i.e. Ej contains at most one non-identity term e.g.
E1 = X1 ⌦ I⌦(N�1)) 6, hence there is a one-to-one map-

6 This assumption is for demonstration purposes. In reality, all
qubits will experience errors and hence Ej can be of higher weight

ping between the error operators, Ej , and the orthogonal
basis states of the ancilla blocks,

UQECU
0
N
| i

L
|A0i

X
|A0i

Z

= UQEC

X

j

↵jEj | 
0
i
L
|A0i

X
|A0i

Z

=
X

j

↵jEj | 
0
i
L
|Aji

X
|Aji

Z .

(60)

The above assumes a non-degenerate quantum code7.
The ancilla blocks are then measured, projecting the data
blocks into the state Ej | 0

i
L
with probability |↵j |

2. Af-

ter measurement the correction E†
j
is applied based on

the syndrome result. As the error operation Ej is simply
an element of PN , correcting for X and Z independently
is su�cient to correct for all error operators (as Y errors
are corrected when a bit and phase error is detected and
corrected on the same qubit).
For well designed gates, very small systematic inac-

curacies lead to the expansion co-e�cient ↵0 ⇡ 1, with
all other coe�cients, ↵j 6=0 ⌧ 1. Hence during correc-
tion there will be a very high probability that no er-
ror is detected. This is the digitization e↵ect of QEC.
Since codeword states are eigenstates of the stabilizers,
re-projecting the state when each stabilizer is measured
forces any continuous noise operator to collapse. The
strength of the error is then related to the probability

(up to a weight N operator on an N qubit system). The ability
of the error correction code to correct for higher weight errors
depend on how all these Ej map the ancilla states under UQEC.

7 A degenerate quantum code is one where multiple unique errors
can map to the same state, in the case of Eq. (60) this would
mean two operators Ej and E0

j , under the unitary UQEC map

|A0iX and |A0iZ to the same ancilla state



Steane code

• Is this the smallest code capable of correcting all single-qubit errors?



Class 2

• CSS-codes and non-CSS codes 

• The parity check matrix representation 

• Surface codes 

• Degeneracy 

• The decoding problem 
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• Is this the smallest code capable of correcting all single-qubit errors?

K1 I I I X X X X
K2 X I X I X I X
K3 I X X I I X X
K4 I I I Z Z Z Z
K5 Z I Z I Z I Z
K6 I Z Z I Z Z I

2#s ≥ #E



Steane code

• Is this the smallest code capable of correcting all single-qubit errors?

K1 I I I X X X X
K2 X I X I X I X
K3 I X X I I X X
K4 I I I Z Z Z Z
K5 Z I Z I Z I Z
K6 I Z Z I Z Z I

Z

X



Steane code

• Is this the smallest code capable of correcting all single-qubit errors?

#sx = #sz = #s/2 = (N − 1)/22#sx ≥ #Ex

2#sz ≥ #Ez #Ez = #Ex = N + 1

2N − 1
2 ≥ N + 1 N must be at least 7



Short codes

• Is this the smallest code capable of correcting all single-qubit errors?

#E = #Ex + #Ey + #Ez + 1 = 3N + 1

#s = N − 1

σy = − iσxσz

2#s ≥ #E

2N−1 ≥ 3N + 1 N = 5
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error. As the code contains a single logical qubit, the code must contain two valid code states: |0i
L
and |1i

L
basis

states which are, in state vector notation,

|0iL =
1
p
8
(|0000000i+ |1010101i+ |0110011i+ |1100110i+ |0001111i+ |1011010i+ |0111100i+ |1101001i),

|1iL =
1
p
8
(|1111111i+ |0101010i+ |1001100i+ |0011001i+ |1110000i+ |0100101i+ |1000011i+ |0010110i).

(49)

For a general 7-qubit state, the total dimension of the
Hilbert space is 27. For a single logically encoded
qubit, we must restrict this to a 2-dimensional subspace
spanned by the states in Eq. (49). This reduction can be
clearly seen via stabilizers.

The stabilizer set for the 7-qubit code is fully specified
by the six operators,

K1 = IIIXXXX, K2 = XIXIXIX,

K3 = IXXIIXX, K4 = IIIZZZZ

K5 = ZIZIZIZ, K6 = IZZIIZZ.

(50)

Each of the valid codestates for the 7-qubit code are sta-
bilized by these operators. As the dimensionality of a
7-qubit system is 27 and there are six stabilizers, the to-
tal dimension of this subspace defined by the stabilizer
group is 27�6 = 2. The stabilizer set now defines an e↵ec-
tive 2-dimensional subspace, and thus a single encoded
qubit3.

The final operator fixes the encoded state to one of
the two codewords. For the Steane code this operator
is Z̄ = ZZZZZZZ = Z⌦7, where Z̄ |0i

L
= |0i

L
and

Z̄ |1i
L

= � |1i
L
. Notice that these generators for the

stabilizer set separate into elements consisting solely of
X or Z operators. This defines the code as a Calderbank-
Shor-Steane (CSS) code. CSS codes are useful since they
allow for the straightforward application of several logical
gate operations directly to the encoded data [Section XI].

Although the 7-qubit code is the most well-known sta-
bilizer code, there are other stabilizer codes which en-
code multiple logical qubits and correct for more er-
rors (Got97). Despite these advantages, larger codes
generally require more complicated error correction cir-
cuits. As the complexity of the error correction circuits
increase, adapting such codes to physical computer archi-
tectures becomes more di�cult. Tables VI and VII show
the stabilizer structure of two other well-known codes.

3 In general, for an n qubit system, the total dimensionality of the
Hilbert space is 2n, if a stabilizer set is defined over this system
containing k multiplicativity independent generators, then the
dimension of the subspace is 2n�k and therefore the stabilizer
set defines a subspace containing n� k logical qubits.

The 9-qubit code (Sho95) examined earlier, and the 5-
qubit code (LMPZ96) which represents the smallest pos-
sible quantum code that corrects for a single error.

K1 Z Z I I I I I I I
K2 Z I Z I I I I I I
K3 I I I Z Z I I I I
K4 I I I Z I Z I I I
K5 I I I I I I Z Z I
K6 I I I I I I Z I Z
K7 X X X X X X I I I
K8 X X X I I I X X X

TABLE VI The eight stabilizers for the 9-qubit Shor code,
encoding nine physical qubits into one logical qubit to correct
for a single X and/or Z error.

K1 X Z Z X I
K2 I X Z Z X
K3 X I X Z Z
K4 Z X I X Z

TABLE VII The four stabilizers for the [[5,1,3]] quantum
code, encoding five physical qubits into one logical qubit to
correct for a single X, Y or Z error. Unlike the 7- and 9-
qubit codes, the [[5,1,3]] code is a non-CSS code, since the
stabilizer set does not separate into X and Z sectors. Addi-
tionally, this code can only correct a single error where as the
7- and 9-qubit codes can correct for a maximum of 2 errors (a
single X and Z error provided they occur on di↵erent qubits)

A. State preparation

Using the stabilizer structure for QEC codes, the log-
ical state preparation and error correcting procedure is
straightforward. Recall that valid codeword states are
defined as simultaneous +1 eigenstates of each generator
of the stabilizer group. In order to prepare a logical state
from an arbitrary input, we need to project qubits into
eigenstates of each of these operators.
Consider the circuit shown in Fig. 7. For an arbitrary

input state, | i
I
, an ancilla which is initialized in the

You can check that for every X, Y, and Z affecting only one qubit, there is one 
and only one set of syndromes associated
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error. As the code contains a single logical qubit, the code must contain two valid code states: |0i
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basis
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by the six operators,

K1 = IIIXXXX, K2 = XIXIXIX,

K3 = IXXIIXX, K4 = IIIZZZZ

K5 = ZIZIZIZ, K6 = IZZIIZZ.
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Each of the valid codestates for the 7-qubit code are sta-
bilized by these operators. As the dimensionality of a
7-qubit system is 27 and there are six stabilizers, the to-
tal dimension of this subspace defined by the stabilizer
group is 27�6 = 2. The stabilizer set now defines an e↵ec-
tive 2-dimensional subspace, and thus a single encoded
qubit3.

The final operator fixes the encoded state to one of
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. Notice that these generators for the

stabilizer set separate into elements consisting solely of
X or Z operators. This defines the code as a Calderbank-
Shor-Steane (CSS) code. CSS codes are useful since they
allow for the straightforward application of several logical
gate operations directly to the encoded data [Section XI].

Although the 7-qubit code is the most well-known sta-
bilizer code, there are other stabilizer codes which en-
code multiple logical qubits and correct for more er-
rors (Got97). Despite these advantages, larger codes
generally require more complicated error correction cir-
cuits. As the complexity of the error correction circuits
increase, adapting such codes to physical computer archi-
tectures becomes more di�cult. Tables VI and VII show
the stabilizer structure of two other well-known codes.

3 In general, for an n qubit system, the total dimensionality of the
Hilbert space is 2n, if a stabilizer set is defined over this system
containing k multiplicativity independent generators, then the
dimension of the subspace is 2n�k and therefore the stabilizer
set defines a subspace containing n� k logical qubits.

The 9-qubit code (Sho95) examined earlier, and the 5-
qubit code (LMPZ96) which represents the smallest pos-
sible quantum code that corrects for a single error.

K1 Z Z I I I I I I I
K2 Z I Z I I I I I I
K3 I I I Z Z I I I I
K4 I I I Z I Z I I I
K5 I I I I I I Z Z I
K6 I I I I I I Z I Z
K7 X X X X X X I I I
K8 X X X I I I X X X

TABLE VI The eight stabilizers for the 9-qubit Shor code,
encoding nine physical qubits into one logical qubit to correct
for a single X and/or Z error.

K1 X Z Z X I
K2 I X Z Z X
K3 X I X Z Z
K4 Z X I X Z

TABLE VII The four stabilizers for the [[5,1,3]] quantum
code, encoding five physical qubits into one logical qubit to
correct for a single X, Y or Z error. Unlike the 7- and 9-
qubit codes, the [[5,1,3]] code is a non-CSS code, since the
stabilizer set does not separate into X and Z sectors. Addi-
tionally, this code can only correct a single error where as the
7- and 9-qubit codes can correct for a maximum of 2 errors (a
single X and Z error provided they occur on di↵erent qubits)

A. State preparation

Using the stabilizer structure for QEC codes, the log-
ical state preparation and error correcting procedure is
straightforward. Recall that valid codeword states are
defined as simultaneous +1 eigenstates of each generator
of the stabilizer group. In order to prepare a logical state
from an arbitrary input, we need to project qubits into
eigenstates of each of these operators.
Consider the circuit shown in Fig. 7. For an arbitrary

input state, | i
I
, an ancilla which is initialized in the

There is a constraint do in code creation with mixed or not mixed stabilizers  

All stabilizers must commute [  for all [Ki, Kj] = 0 i, j



CSS codes
• The Steane code is the smallest CSS code that correct one error 

• CSS -> Calderbank, Shor, and Steane  

• This class of codes correct X and Z errors independently

K1 I I I X X X X
K2 X I X I X I X
K3 I X X I I X X
K4 I I I Z Z Z Z
K5 Z I Z I Z I Z
K6 I Z Z I Z Z I

Parity check matrices

Hx =
0 0 0 1 1 1 1
1 0 1 0 1 0 1
0 1 1 0 0 1 1

Hz =
0 0 0 1 1 1 1
1 0 1 0 1 0 1
0 1 1 0 0 1 1



CSS codes

•  Most codes today are CSS 

• For reasons that I am not entirely convinced by 

• Let me use this moment to introduce the parity check matrices  

• We can consider an error vector   

• And a parity check matrix  that measures the parities defined by the 
stabilizers 

• The syndrome measurement of an error is given by

⃗e = { ⃗ez, ⃗ex}

H

⃗S = H ⃗e



CSS codes

K1 I I I X X X X
K2 X I X I X I X
K3 I X X I I X X
K4 I I I Z Z Z Z
K5 Z I Z I Z I Z
K6 I Z Z I Z Z I

Parity check matrices

Hx =
0 0 0 1 1 1 1
1 0 1 0 1 0 1
0 1 1 0 0 1 1

Hz =
0 0 0 1 1 1 1
1 0 1 0 1 0 1
0 1 1 0 0 1 1

H = (HX 0
0 HZ)



CSS codes

• The stabilizer commutation condition for CSS codes is just 

 HxHT
z = 0 mod 2

Hx =
0 0 0 1 1 1 1
1 0 1 0 1 0 1
0 1 1 0 0 1 1

Hz =
0 0 0 1 1 1 1
1 0 1 0 1 0 1
0 1 1 0 0 1 1



•  Is an example of a CSS code construction that respects the 
commutation constraint 

•  I am not a big fan of surface codes 

•  They are overused in research — we have much better codes 

•  For quantum computers they are a bit more convenient than the 
alternatives, but with very low logical-to-physical encoding rates 

•  They are, however, very good for explaining things

Surface codes 



• What is a surface code? 

•  A surface code is a quantum error-
correcting code laid out on a grid, with Z 
and X stabilizers each connected only to 
neighboring qubits. 

• k is always 1 

• n=13 

• d=3 ( ) 

• [13,1,3]

d ∼ n

Surface codes 



• Things to notice 

• All Z stabilizers and X stabilizers  
share two qubits 

• So  

• All connections are local

[Hx, Hz] = 0

Surface codes 



• I lied two times in this class, 

• First lie, I said a logical states is 

•  

•  Logical states are not defined like this in 
modern quantum error correction 

•  This kind of assumes we have access to 
a state, or at least that the state is well 
defined 

• This is not always true

|ϕL > = . .

Surface codes 



•  

•  

•   There is a second set of states that give the same logical information 
and pass all the stabilizer tests

For the logical Z XL = X1X2X3, For the logical X ZL = Z1Z4Z7

Logical measurements as operators 

|0L⟩ ∝ (|000⟩ + |011⟩ + |101⟩ + |110⟩)(|000⟩ + |011⟩ + |101⟩ + |110⟩)(|000⟩ + |011⟩ + |101⟩ + |110⟩)

|1L⟩ ∝ (|001⟩ + |010⟩ + |100⟩ + |111⟩)(|001⟩ + |010⟩ + |100⟩ + |111⟩)(|001⟩ + |010⟩ + |100⟩ + |111⟩)

• The Shor code again



• Logical operators cross 
the entire codes 

• Some errors do not 
change the logical state 

Surface codes 



Surface codes 

• There are tree types of error on surface codes 

• Degenerate errors 

• Correctable errors 

• And actual logical errors



Surface codes 

• There are tree types of error on surface codes 

• Degenerate errors 

• Correctable errors 

• And actual logical errors

Z error



Surface codes 
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• Degenerate errors 

• Correctable errors 

• An actual logical errors

X error
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Surface codes 
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• Degenerate errors 

• Correctable error 

• Actual logical errors
X error



Surface codes 

• There are tree types of error on surface codes 

• Degenerate errors 

• Correctable error 

• And actual logical errors

Z error



Surface codes 

• Logical errors, 

• Let us suppose the real error is  

• Our decoder, using the syndrome information predicted an error  

•  

• The error is logical if and only if  

• Is in 

ex
real = [0001000000000]

ex
dec = [0010000000000]

d := ex
real ⊖ ex

dec = ex
real ⊕ ex

dec

d ∈ kernelHz∖spanHx



Decoders 

• I did not talk about decoders 

• A decoder is algorithm that takes into account the syndrome  and 
predict the most likely (or close to it) error that occurred  

• Not always the error that actually that occurred  

• Two error might produce the same syndrome but have different 
logical effects,  

• and the decoder might predict the wrong ones 

• Decoders will be left for your projects 

S
epred

ereal



Decoders 

•  Your project will be to choose a code: 

• Classical codes, surface codes, toric code, LDPC 

•  Simulate an error channel with Stim 

•  bit flips, phase flips, etc. 

• Circuit-level noise for the brave ones (not recommended) 

•  Test a decoder 

•  Tesseract, belief propagation, BP+OSD, relay BP, matching 

• Compute the LER curves



Decoders 

• The project will be evaluated based on: 

• Understanding of the code used, rate, distance, and limitations 

•  Understanding of the error model used 

•  Most importantly, understanding of the decoder used — 
especially its limitations 

• Better understanding of the concepts will be valued over choosing 
hard codes and decoders



Class 3

• Noise models 

• Code-capacity  

• Circuit-level noise 

• STIM simulation 

• 3 qubit code and a decoder



Noise models

• There are two types of errors affecting qubits 

•  

•  

•  and a  

• Do they all occur with the same probability ?

σx |0⟩ → |1⟩, σx |1⟩ → |0⟩

σz |0⟩ → |0⟩, σz |1⟩ → − |1⟩

Y = iσxσz

σ0 = (1 0
0 1), σx = (0 1

1 0), σy = (0 −i
i 0 ), σz = (1 0

0 −1) .



Bit flip 
• Only  errors 

• Each data qubit  has an error  with probability p.  

• Ancillas are perfect  

• The syndromes are then 

X

i Xi

Sx = Hzex 17
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FIG. 9 Quantum circuit to to correct for a single X and/or Z error using the [[7, 1, 3]] code. Each of the six stabilizers are
measured, with the first three detecting and correcting for Z errors, while the last three detect and correct for X errors.

A. Systematic gate errors

We have already shown a primitive example of how
systematic gate errors are digitized into a discrete set of
Pauli operators in Sec. III. However, in that case we only
considered a very restrictive type of error, namely the
coherent operator U = exp(i✏X). We can easily extend
this analysis to cover all types of systematic gate errors.
Consider an N qubit unitary operation, UN , which is
valid on encoded data. Assume that UN is applied in-
accurately such that the resultant operation is actually
UN . Given a general encoded state | i

N
, the final state

can be expressed as,

UN | i
L
= UEUN | i

L
=

X

j

↵jEj | 2iL , (59)

where | 2iL = UN | i
L
is the perfectly applied N qubit

gate, (the stabilizer group for | 0
i
L
remains invariant un-

der the operation UN [see Sec. XI]) and UE is a coher-
ent error operator which is expanded in terms of the N
qubit Pauli Group, Ej 2 PN . Now append two ancilla

blocks, |A0i
X and |A0i

Z . These are generally initial-
ized to the state that corresponds to no detected errors
(but can be other initial states up to a redefinition of the
measurement results) and are used for X and Z correc-
tion. We then run the syndrome extraction procedure,
which we represent by the unitary operator, UQEC. It
will be assumed that | i

L
is encoded with a QEC code

which can correct for a single error (both X and/or Z),
and the error operators Ej are a maximum of weight
one (i.e. Ej contains at most one non-identity term e.g.
E1 = X1 ⌦ I⌦(N�1)) 6, hence there is a one-to-one map-

6 This assumption is for demonstration purposes. In reality, all
qubits will experience errors and hence Ej can be of higher weight

ping between the error operators, Ej , and the orthogonal
basis states of the ancilla blocks,

UQECU
0
N
| i

L
|A0i

X
|A0i

Z

= UQEC

X

j

↵jEj | 
0
i
L
|A0i

X
|A0i

Z

=
X

j

↵jEj | 
0
i
L
|Aji

X
|Aji

Z .

(60)

The above assumes a non-degenerate quantum code7.
The ancilla blocks are then measured, projecting the data
blocks into the state Ej | 0

i
L
with probability |↵j |

2. Af-

ter measurement the correction E†
j
is applied based on

the syndrome result. As the error operation Ej is simply
an element of PN , correcting for X and Z independently
is su�cient to correct for all error operators (as Y errors
are corrected when a bit and phase error is detected and
corrected on the same qubit).
For well designed gates, very small systematic inac-

curacies lead to the expansion co-e�cient ↵0 ⇡ 1, with
all other coe�cients, ↵j 6=0 ⌧ 1. Hence during correc-
tion there will be a very high probability that no er-
ror is detected. This is the digitization e↵ect of QEC.
Since codeword states are eigenstates of the stabilizers,
re-projecting the state when each stabilizer is measured
forces any continuous noise operator to collapse. The
strength of the error is then related to the probability

(up to a weight N operator on an N qubit system). The ability
of the error correction code to correct for higher weight errors
depend on how all these Ej map the ancilla states under UQEC.

7 A degenerate quantum code is one where multiple unique errors
can map to the same state, in the case of Eq. (60) this would
mean two operators Ej and E0

j , under the unitary UQEC map

|A0iX and |A0iZ to the same ancilla state

Hz =
0 0 0 1 1 1 1
1 0 1 0 1 0 1
0 1 1 0 0 1 1



Phase flip 
• Only  errors 

• Each qubit  has error  with probability p.  

• All errors are independent  

• The syndromes are then 
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FIG. 9 Quantum circuit to to correct for a single X and/or Z error using the [[7, 1, 3]] code. Each of the six stabilizers are
measured, with the first three detecting and correcting for Z errors, while the last three detect and correct for X errors.

A. Systematic gate errors

We have already shown a primitive example of how
systematic gate errors are digitized into a discrete set of
Pauli operators in Sec. III. However, in that case we only
considered a very restrictive type of error, namely the
coherent operator U = exp(i✏X). We can easily extend
this analysis to cover all types of systematic gate errors.
Consider an N qubit unitary operation, UN , which is
valid on encoded data. Assume that UN is applied in-
accurately such that the resultant operation is actually
UN . Given a general encoded state | i

N
, the final state

can be expressed as,

UN | i
L
= UEUN | i

L
=

X

j

↵jEj | 2iL , (59)

where | 2iL = UN | i
L
is the perfectly applied N qubit

gate, (the stabilizer group for | 0
i
L
remains invariant un-

der the operation UN [see Sec. XI]) and UE is a coher-
ent error operator which is expanded in terms of the N
qubit Pauli Group, Ej 2 PN . Now append two ancilla

blocks, |A0i
X and |A0i

Z . These are generally initial-
ized to the state that corresponds to no detected errors
(but can be other initial states up to a redefinition of the
measurement results) and are used for X and Z correc-
tion. We then run the syndrome extraction procedure,
which we represent by the unitary operator, UQEC. It
will be assumed that | i

L
is encoded with a QEC code

which can correct for a single error (both X and/or Z),
and the error operators Ej are a maximum of weight
one (i.e. Ej contains at most one non-identity term e.g.
E1 = X1 ⌦ I⌦(N�1)) 6, hence there is a one-to-one map-

6 This assumption is for demonstration purposes. In reality, all
qubits will experience errors and hence Ej can be of higher weight

ping between the error operators, Ej , and the orthogonal
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The above assumes a non-degenerate quantum code7.
The ancilla blocks are then measured, projecting the data
blocks into the state Ej | 0

i
L
with probability |↵j |

2. Af-

ter measurement the correction E†
j
is applied based on

the syndrome result. As the error operation Ej is simply
an element of PN , correcting for X and Z independently
is su�cient to correct for all error operators (as Y errors
are corrected when a bit and phase error is detected and
corrected on the same qubit).
For well designed gates, very small systematic inac-

curacies lead to the expansion co-e�cient ↵0 ⇡ 1, with
all other coe�cients, ↵j 6=0 ⌧ 1. Hence during correc-
tion there will be a very high probability that no er-
ror is detected. This is the digitization e↵ect of QEC.
Since codeword states are eigenstates of the stabilizers,
re-projecting the state when each stabilizer is measured
forces any continuous noise operator to collapse. The
strength of the error is then related to the probability

(up to a weight N operator on an N qubit system). The ability
of the error correction code to correct for higher weight errors
depend on how all these Ej map the ancilla states under UQEC.

7 A degenerate quantum code is one where multiple unique errors
can map to the same state, in the case of Eq. (60) this would
mean two operators Ej and E0

j , under the unitary UQEC map

|A0iX and |A0iZ to the same ancilla state

Hx =
0 0 0 1 1 1 1
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Code capacity noise
• Each data qubit  has an error ,  or  with probability p/3. 

• Also known as the “Depolarizing channel” 

• No errors with probability 1-p

i Xi Yi Zi

σ0 = (1 0
0 1), σx = (0 1

1 0), σy = (0 −i
i 0 ), σz = (1 0

0 −1) .
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FIG. 9 Quantum circuit to to correct for a single X and/or Z error using the [[7, 1, 3]] code. Each of the six stabilizers are
measured, with the first three detecting and correcting for Z errors, while the last three detect and correct for X errors.

A. Systematic gate errors

We have already shown a primitive example of how
systematic gate errors are digitized into a discrete set of
Pauli operators in Sec. III. However, in that case we only
considered a very restrictive type of error, namely the
coherent operator U = exp(i✏X). We can easily extend
this analysis to cover all types of systematic gate errors.
Consider an N qubit unitary operation, UN , which is
valid on encoded data. Assume that UN is applied in-
accurately such that the resultant operation is actually
UN . Given a general encoded state | i

N
, the final state

can be expressed as,
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L
= UEUN | i

L
=

X

j

↵jEj | 2iL , (59)

where | 2iL = UN | i
L
is the perfectly applied N qubit

gate, (the stabilizer group for | 0
i
L
remains invariant un-

der the operation UN [see Sec. XI]) and UE is a coher-
ent error operator which is expanded in terms of the N
qubit Pauli Group, Ej 2 PN . Now append two ancilla

blocks, |A0i
X and |A0i

Z . These are generally initial-
ized to the state that corresponds to no detected errors
(but can be other initial states up to a redefinition of the
measurement results) and are used for X and Z correc-
tion. We then run the syndrome extraction procedure,
which we represent by the unitary operator, UQEC. It
will be assumed that | i

L
is encoded with a QEC code

which can correct for a single error (both X and/or Z),
and the error operators Ej are a maximum of weight
one (i.e. Ej contains at most one non-identity term e.g.
E1 = X1 ⌦ I⌦(N�1)) 6, hence there is a one-to-one map-

6 This assumption is for demonstration purposes. In reality, all
qubits will experience errors and hence Ej can be of higher weight

ping between the error operators, Ej , and the orthogonal
basis states of the ancilla blocks,
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The above assumes a non-degenerate quantum code7.
The ancilla blocks are then measured, projecting the data
blocks into the state Ej | 0

i
L
with probability |↵j |

2. Af-

ter measurement the correction E†
j
is applied based on

the syndrome result. As the error operation Ej is simply
an element of PN , correcting for X and Z independently
is su�cient to correct for all error operators (as Y errors
are corrected when a bit and phase error is detected and
corrected on the same qubit).
For well designed gates, very small systematic inac-

curacies lead to the expansion co-e�cient ↵0 ⇡ 1, with
all other coe�cients, ↵j 6=0 ⌧ 1. Hence during correc-
tion there will be a very high probability that no er-
ror is detected. This is the digitization e↵ect of QEC.
Since codeword states are eigenstates of the stabilizers,
re-projecting the state when each stabilizer is measured
forces any continuous noise operator to collapse. The
strength of the error is then related to the probability

(up to a weight N operator on an N qubit system). The ability
of the error correction code to correct for higher weight errors
depend on how all these Ej map the ancilla states under UQEC.

7 A degenerate quantum code is one where multiple unique errors
can map to the same state, in the case of Eq. (60) this would
mean two operators Ej and E0

j , under the unitary UQEC map

|A0iX and |A0iZ to the same ancilla state



Capacity noise

• All errors are independent.  

• Ancilla qubits are noiseless. 

• The syndromes are then  and ⃗Sx = Hz ⃗ex ⃗Sz = Hx ⃗ez
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FIG. 9 Quantum circuit to to correct for a single X and/or Z error using the [[7, 1, 3]] code. Each of the six stabilizers are
measured, with the first three detecting and correcting for Z errors, while the last three detect and correct for X errors.

A. Systematic gate errors

We have already shown a primitive example of how
systematic gate errors are digitized into a discrete set of
Pauli operators in Sec. III. However, in that case we only
considered a very restrictive type of error, namely the
coherent operator U = exp(i✏X). We can easily extend
this analysis to cover all types of systematic gate errors.
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valid on encoded data. Assume that UN is applied in-
accurately such that the resultant operation is actually
UN . Given a general encoded state | i
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ized to the state that corresponds to no detected errors
(but can be other initial states up to a redefinition of the
measurement results) and are used for X and Z correc-
tion. We then run the syndrome extraction procedure,
which we represent by the unitary operator, UQEC. It
will be assumed that | i

L
is encoded with a QEC code

which can correct for a single error (both X and/or Z),
and the error operators Ej are a maximum of weight
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blocks into the state Ej | 0
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with probability |↵j |
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ter measurement the correction E†
j
is applied based on

the syndrome result. As the error operation Ej is simply
an element of PN , correcting for X and Z independently
is su�cient to correct for all error operators (as Y errors
are corrected when a bit and phase error is detected and
corrected on the same qubit).
For well designed gates, very small systematic inac-

curacies lead to the expansion co-e�cient ↵0 ⇡ 1, with
all other coe�cients, ↵j 6=0 ⌧ 1. Hence during correc-
tion there will be a very high probability that no er-
ror is detected. This is the digitization e↵ect of QEC.
Since codeword states are eigenstates of the stabilizers,
re-projecting the state when each stabilizer is measured
forces any continuous noise operator to collapse. The
strength of the error is then related to the probability

(up to a weight N operator on an N qubit system). The ability
of the error correction code to correct for higher weight errors
depend on how all these Ej map the ancilla states under UQEC.

7 A degenerate quantum code is one where multiple unique errors
can map to the same state, in the case of Eq. (60) this would
mean two operators Ej and E0
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Circuit level noise
• There is no real justification for why we assume the ancilla to be 

noiseless or the errors to be independent. 

• Circuit-level noise is a noise model built from the circuit itself
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• every operation can 
introduce errors 

• State preparation  

• gates,  

• resets,  

• measurements 

• idle steps



Circuit level noise

• How  do we simulate this ? 

• Before 2023 

• After 2023 Stim
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ŝi by !rst computing the ancilla error pattern. If we think of
ei as a different local error pattern elj, then, following (8), we
must have

VeiV † = VeljV
† = esj ⊗ ei (17)

and ŝi is given by the X component [i.e., second half in [Z|X]
format; see (11)] of esj. This type of syndrome is always zero
for preparation and measurement errors, since measurement
errors do not affect subsequent extractions. Under this latter
formalism, we may observe this by noting that if ei = I, then
necessarily esj = I and ŝi = 0.

Beyond this typical syndrome, we also have the syndrome
s̃i obtained from the same extraction g where the error EBi
occurred. For instance, if the error occurs at the last imple-
mented c#o% gate, it is likely that s̃i = 0. Unlike ŝi, this syn-
drome is nonzero for simple measurement errors. In general,
this syndrome contains less information than ŝi, since, for
errors later in the extraction, many of the syndrome bits will
be zero, as the stabilizers were applied before the error oc-
curred. Following the second approach previously presented
to compute ŝi [see (17)], we have that s̃i is given by the X
component of the original ancilla qubit pattern esi (in binary
form).

Both s̃ and ŝ refer to a (n− k) bit string, corresponding
to the syndrome that could be obtained from a single SE.
As both these syndromes can be deterministically obtained
from the error E of interest, we use the simple notation s
to speci!cally refer to the syndrome that is measured dur-
ing the SE. As previously stated, for errors stemming from
only one extraction (labeled g), we have either s = s̃ (if the
measured syndrome comes from the noisy extraction), s = 0
(if it comes from a previous extraction) or s = ŝ (if from a
subsequent extraction).

In general, compound errors may stem from multiple SE.
We use superscript notation to indicate the extraction index,
in order to distinguish it from the error index (which is a
subscript). When there are q SE, we refer to the total list
of measured syndromes by s := {s1, . . . , sq}. If some base
error EB,g

i occurs at extraction g, we expect to measure the
syndrome sequence given by

si =
⎦
. . . , 0g−1, s̃gi , ŝ

g+1
i , . . . , ŝqi

⎢
. (18)

Note that, for compound errors, the syndrome sequences of
the constituting errors may be combined. If Er = EiE j, then
sr = si ⊕ s j, where the modular sum operation is applied
element-wise, to all q syndromes. Then, for Ej = EBi1 · · ·EBiω ,
we have

Q(Ej ) := s j = si1 ⊕ · · ·⊕ siω . (19)

In particular, if errors Ei and Ej occur at extractions g and
h (h > g), respectively, and no other errors occur, then we
would expect to measure the syndrome sequence

s =
⎦
. . . , 0g−1, s̃gi , ŝ

g+1
i , . . . ,

FIGURE 3. Relations between the different quantities of interest. For
simplicity, every error represented is assumed to be a base error. The
notation is explained in the last paragraph of Section III.

ŝh−1i , ŝhi ⊕ s̃hj , ŝ
h+1
i ⊕ ŝh+1

j , . . .
⎢

. (20)

As a result, we observe that s̃i, s̃ j, ŝi, and ŝ j do not directly
provide the full information necessary to identify the com-
pound error Egi E

h
j that occurred. In the general case where

there are q SE, we may require all q measured syndromes to
optimally correct errors.

For compound errors Er stemming from multiple SE, the
syndrome s̃r is unde!ned, but ŝr may still be de!ned as

ŝr =
ω⎥

j=1

ŝi j (21)

where ŝi j are the syndromes of the constituting base errors.
Similarly, er = ei1 · · · eiω . The decomposition in (15) and
subsequent analysis is also applicable.

The notation is summarized in Fig. 3, with an exam-
ple given in Fig. 2. The mappings Vs, V , Ĥ, H̃, FE ,
and FL are mostly independent, and generally noninjec-
tive. V and Vs stem from (8), and provide the main
and ancilla error patterns ei and esi . Concretely, we have
ei = V (eli ) = (CeliC

†)m and esi = Vs(eli ) = (CeliC
†)a, where

m and a stand for the main and ancilla subspaces,
respectively. Using (17) yields H̃ and Ĥ. The latter can
also be implemented by using (16). Concretely, we have
ŝi = Ĥ(ei) = bin(ei)AT = compX (bin((VeiV

†)a)) and s̃i =
H̃(esi ) = compX (bin(e

s
i )) [see (13) and (14)]. The ŝi and si

obtained by the SE process can then be used to try and de-
termine edi , the representative pattern of the degenerate set
to which ei belongs. By applying edi to the noisy quantum
state, we correct the effect of the error Ei. The mappings FE
and FL are quite involved, so their description is delegated
to Section IV.
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Circuit level noise

•  Stim is a fast simulator of stabilizer circuits. 

• Stim allows us to do exactly this: simulate error propagation on 
circuits. 

• We can simulate simple error models like bit-flip, phase-flip, or code 
capacity noise, or circuit-level noise. 

• It is available for Python and c++.



Circuit level noise

• Stim doesn’t use the parity checks matrices  and  

• It uses the DEM matrix  

• For each error (an abstract event in spacetime), it gives the detectors 
it activates, and its logical effect 

• For code capacity , each event is an error X Z (or both) on qubit  , 
thus we recover 

•

Hx Hz

HDEM

i

HDEM = (HX 0
0 HZ)



Circuit level noise

•  Stim cannot simulate T-gates (non-Clifford circuits), or circuit with 
non-determinist observables 

• This restriction is what lets Stim be fast 

•  

•  There's a new kid on the block, April 2026: Tsim, from QuEra  

•  Tsim is non-Clifford T-gate stabilizer simulator

T = (1 0
0 eiπ/4)



Other codes

• Rotated-surface codes 

• Toric code  

• Quantum LDPCs

GENERALIZED TORIC CODES. . . PRX QUANTUM 6, 020357 (2025)

take the form

vm = [0, a(x, y)], a(x, y) ∈ R, (12)

where a(x, y) records the location where Bp is violated.
From Eq. (6), both [0, g(x, y)] and [0, f (x, y)] represent
trivial anyons since local operators create them. Thus, the
nontrivial m-type anyons are classified by the quotient
ring:

m− type anyons = Z2[x, y, x−1, y−1]
〈f (x, y), g(x, y)〉

=:
R
I

, (13)

which corresponds to the Laurent polynomial ring R mod-
ulo the ideal I generated by f (x, y) and g(x, y). Similarly,
we have

e− type anyons = Z2[x, y, x−1, y−1]
〈f (x, y), g(x, y)〉

. (14)

The numbers of e anyons and m anyons are equal since
they can be rearranged and paired as {e1, m1}, {e2, m2}, . . . ,
forming a direct sum of Kitaev toric codes [34,39]. By
Eq. (1), this leads to the following theorem.

Theorem 1. The maximal logical dimension kmax of the
stabilizer codes in Eq. (3), parameterized by two polyno-
mials f (x, y) and g(x, y) on a torus, is given by twice the
number of independent monomials in R quotient by the
ideal I = 〈f (x, y), g(x, y)〉:

kmax = 2 dim
(Z2[x, y, x−1, y−1]
〈f (x, y), g(x, y)〉

)
. (15)

Indeed, Corollary 4.5 of Ref. [35] asserts that

k = dimF2

(
coker ε

)
(16)

for an untwisted torus of arbitrary size. Since it is upper
bounded by Eq. (15), Theorem 1 follows immediately.
Here, however, we prefer to invoke the anyon picture both
to build physical intuition and to streamline our subsequent
discussion of the associated logical operators.

The ground-state degeneracy could depend on the torus
length, as observed in the Wen plaquette model [96], the
Watanabe-Cheng-Fuji toric code [89], and fraction models
[97–114]. Equation (1) holds in the infrared limit, giving
the maximal Hilbert space dimension for a finite torus. We
will examine finite-size effects in more detail later.

Now, we present several examples to illustrate the appli-
cation of this theorem.

Example 1. Kitaev toric code. The Kitaev toric code
corresponds to f (x, y) = 1 + x and g(x, y) = 1 + y (as
shown in Fig. 2 without extra terms). It has only one

(a) (b)

FIG. 3. (a) A twisted torus embedded in three-dimensional
space. The torus undergoes a twist along its longitudinal direction
by an angle that is a fraction of 2π , as indicated by the red curve
tracing the large cycle. (b) A two-dimensional projection of the
twisted torus, where points related by the lattice vectors %a1 and
%a2 are identified. The parallelogram’s opposite edges are identi-
fied, forming the twisted torus. The twisted torus was previously
employed in Ref. [115] to construct fiber bundle codes.

independent monomial, 1, i.e., all monomial xayb can be
expressed as

xayb = a1 + p(x, y)f (x, y) + q(x, y)g(x, y), (17)

with a1 ∈ Z2 and p(x, y), q(x, y) ∈ R. For example,

x2 = 1 + (1 + x)(1 + x). (18)

This implies kmax = 2. This agrees that the Kitaev toric
code on a torus has 2kmax = 4 ground states.

Example 2. Color code. The color code is defined by
f (x, y) = 1 + x + xy and g(x, y) = 1 + y + xy [43,116]. It
is straightforward to verify that the independent monomi-
als are 1 and x, and all other monomials can be generated
as

xayb = a1 + axx + p(x, y)f (x, y) + q(x, y)g(x, y), (19)

with a1, ax ∈ Z2 and p(x, y), q(x, y) ∈ R. Thus, the color
code has kmax = 4, consistent with the fact that it can be
viewed as a folded toric code, forming a direct sum of two
Kitaev toric codes [117].

In the examples above, the polynomials f and g are
simple enough to check independent monomials by hand.
However, determining independent monomials for general
f and g might not be obvious. Therefore, we will introduce
a systematic way below using the Gröbner basis.

Example 3. (−1, 3, 3, −1)-generalized toric code. This
corresponds to the stabilizers of the gross code in Ref. [18]
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A quantum error correcting code is of LDPC type if each check opera-
tor of the code acts only on a few qubits and each qubit participates 
in only a few checks. Several variants of the LDPC codes have been 
proposed recently including hyperbolic surface codes30–32, hypergraph 
product33, balanced product codes34, two-block codes based on finite 
groups35–38 and quantum Tanner codes39,40. The latter were shown39,40 
to be asymptotically ‘good’ in the sense of offering a constant encod-
ing rate and linear distance: a parameter quantifying the number of 
correctable errors. By contrast, the surface code has an asymptoti-
cally zero encoding rate and only square-root distance. Replacing 
the surface code with a high-rate, high-distance LDPC code could 
have major practical implications. First, the fault-tolerance overhead 
(the ratio between the number of physical and logical qubits) could 
be reduced notably. Second, high-distance codes show a very sharp 
decrease in the logical error rate: as the physical error probability 
crosses the threshold value, the amount of error suppression achieved 
by the code can increase by orders of magnitude even with a small 
reduction of the physical error rate. This feature makes high-distance 
LDPC codes attractive for near-term demonstrations that are likely 
to operate in the near-threshold regime. However, it was previously 
believed that outperforming the surface code for realistic noise mod-
els including memory, gate and state preparation and measurement 
errors may require very large LDPC codes with more than 10,000  
physical qubits31.

Here we present several concrete examples of high-rate LDPC codes 
with a few hundred physical qubits equipped with a low-depth syn-
drome measurement circuit, an efficient decoding algorithm and a 
fault-tolerant protocol for addressing individual logical qubits. These 
codes show an error threshold close to 0.7%, show excellent perfor-
mance in the near-threshold regime and offer a 10 times reduction of 
the encoding overhead compared with the surface code. Hardware 
requirements for realizing our error correction protocols are rela-
tively mild, as each physical qubit is coupled by two-qubit gates with 
only six other qubits. Although the qubit connectivity graph is not 
locally embeddable into a 2D grid, it can be decomposed into two planar 

degree-3 subgraphs. As we argue below, such qubit connectivity is well 
suited for architectures based on superconducting qubits.

Our codes are a generalization of bicycle codes proposed by MacKay  
et al.41 and studied in more depth in refs. 35,36,42. We named our 
codes bivariate bicycle (BB) because they are based on bivariate poly-
nomials, as detailed in the Methods. These are stabilizer codes of the 
Calderbank–Shor–Steane (CSS) type43,44 that can be described by a 
collection of six-qubit check (stabilizer) operators composed of Pauli 
X and Z. At a high level, a BB code is similar to the two-dimensional toric 
code7. In particular, physical qubits of a BB code can be laid out on a 
two-dimensional grid with periodic boundary conditions such that all 
check operators are obtained from a single pair of X and Z checks by 
applying horizontal and vertical shifts of the grid. However, in contrast 
to the plaquette and vertex stabilizers describing the toric code, check 
operators of BB codes are not geometrically local. Furthermore, each 
check acts on six qubits rather than four qubits. We will describe the 
code by a Tanner graph G such that each vertex of G represents either 
a data qubit or a check operator. A check vertex i and a data vertex j are 
connected by an edge if the ith check operator acts non-trivially on 
the jth data qubit (by applying Pauli X or Z). See Fig. 1a,b for example 
Tanner graphs of surface and BB codes, respectively. The Tanner graph 
of any BB code has vertex degree six and graph thickness29 equal to 
two, which means it can be decomposed into two edge-disjoint planar 
subgraphs (Methods). Thickness-2 qubit connectivity is well suited 
for superconducting qubits coupled by microwave resonators. For 
example, two planar layers of couplers and their control lines can be 
attached to the top and the bottom side of the chip hosting qubits, 
and the two sides mated.

A BB code with parameters [[n, k, d]] encodes k logical qubits into n 
data qubits offering a code distance d, meaning that any logical error 
spans at least d data qubits. We divide n data qubits into registers q(L) 
and q(R) of size n/2 each. Any check acts on three qubits from q(L) and 
three qubits from q(R). The code relies on n ancillary check qubits 
to measure the error syndrome. We divide n check qubits into regis-
ters q(X) and q(Z) of size n/2 that collect syndromes of X and Z types, 
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Fig. 1 | Tanner graphs of surface and BB codes. a, Tanner graph of a surface 
code, for comparison. b, Tanner graph of a BB code with parameters [[144, 12, 12]] 
embedded into a torus. Any edge of the Tanner graph connects a data and a 
check vertex. Data qubits associated with the registers q(L) and q(R) are shown 
by blue and orange circles. Each vertex has six incident edges including four 
short-range edges (pointing north, south, east and west) and two long-range 
edges. We only show a few long-range edges to avoid clutter. Dashed and solid 

edges indicate two planar subgraphs spanning the Tanner graph, see the 
Methods. c, Sketch of a Tanner graph extension for measuring Z  and X  
following ref. 50, attaching to a surface code. The ancilla corresponding to the 
X  measurement can be connected to a surface code, enabling load-store 
operations for all logical qubits by means of quantum teleportation and some 
logical unitaries. This extended Tanner graph also has an implementation in a 
thickness-2 architecture through the A and B edges (Methods).



Decoders
•  Table decoders require a lot of memory. 

•  

• Belief propagation (BP) is a set of decoders designed for classical LDPC 
codes.  

• Works iteratively.  

• Does not work well on surface codes. Some variation for quantum codes 

• Search-based decoders turn the decoding problem into a search on a graph.  

• There are a few variations designed for quantum codes. 

• Matching decoders use the fact that surface codes are two-dimensional to 
define the decoding problem as a matching problem.

2number of stabilizers


